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Abstract 



A solution for the Weinstein's Problem in the general framework of generalized 
Lie algebroids is the target of this paper. We present the mechanical systems called 
by use, mechanical {p^rf)- systems, Lagrange mechanical {p,r]) -systems or Finsler 
mechanical {p,r]) -systems and we develop their geometries. We obtain the canoni- 
cal ?7)-semi(spray) associated to a mechanical (p, 77)-system. The Lagrange me- 
' chanical (p, 77)-systems are the spaces necessary to develop a Lagrangian formalism. 

I We obtain the {p, 77)-semispray associated to a regular Lagrangian L and external 

force Fe and we derive the equations of Euler-Lagrange type. In particular, using 
<~i , the Lie algebroid generalized tangent bundle of a Lie algebroid, we obtain a new 

Qh' solution for the Weinstein's problem. 
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1 Introduction 



The generalized Lie algebroid is a new notion necessary to obtain a new class of (linear) 
connections in Ehresmann sense, (see [1]) The notions of IDS and EDS for Lie algebroids 
presented in [3] was natural extended to generalized Lie algebroids in [2] . The identities 
of Cartan and Bianchi type presented in the final of the paper [2] emphasize the impor- 
tance and the utility of the exterior differential calculus for generalized Lie algebroids. 
In particular there are obtained a new point of view over exterior differential calculus 
for Lie algebroids. 

We know the Weinstein's Problem: 

Develop a Lagrangian formalism directly on the given Lie algebroid similar to 
Klein's formalism for ordinary Lagrangian Mechanics (sec [8]). 

This problem was formulated by A. Weinstein in [17], where the author gave the 
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations 
using the dual of a Lie algebroid and the Lcgendre transformation defined by a regu- 
lar Lagrangian. In [10], P. Liberman showed that such a formalism is not possible if 
one consider the tangent bundle of a Lie algebroid as space for developing the theory. 
Using the prolongation of a Lie algebroid over a smooth map, E. Martinez solved the 
Weinstein's Problem in [11] (see also [6,9]). 

In this paper we propose to solve the Weinstein's Problem in the general frame- 
work of generalized Lie algebroids. 

In the Sections 3, 4, 5 and 6 we set up the basic notions and terminology. The La- 
grange Geometry was studied by many authors, (see [4,5,7,12,13,14,15,16]) In this 
paper we present the mechanical systems called by use, mechanical {p,ri)- systems, La- 
grange mechanical {p, ij) -systems or Finsler mechanical {p, rj) -systems. In Section 8 
we study the geometry of mechanical (p, 77)-systems. We present the canonical {p,r))- 
semispray associated to mechanical {p,ri)-system {{E,tt, M) , F^, {p,rj)T) and from lo- 
cally invertible 'B^-morphism {g,h) . If {p,ri) = (IdTM,IdM), ig,h) = (IdE, IdM), and 
Fg / 0, then we obtain the canonical semispray associated to a connection F presented 
by I. Bucataru and R. Miron in [5]. Also, we present the canonical (p, r)) -spray associated 
to mechanical system {{E,ir,M) ,Fg, {p,ri)r) and from locally invertible W -morphism 

The Section 9 is dedicated to study the geometry of Lagrange mechanical (p, r/)- 
systems. These mechanical systems are the spaces necessary to solve the Weinstein's 
Problem in the general framewok of generalized Lie algebroids. We determine and 
we study the (p, r/)-semispray associated to a regular Lagrangian L and external force 
Eg which are applied on the total space of a generalized Lie algebroid and we derive 
the equations of Euler-Lagrange type. In particular, using the Lie algebroid generali- 
zed tangent bundle of a Lie algebroid, we obtain a new solution for the Weinstein's 
Problem, different by the Martinez's solution [11]. 

Finally, we obtain that the integral curves of the canonical (p, r/)-semispray associ- 
ated to Lagrange mechanical (p, r7)-system {{E, tt, M) , Fg, L) and from locally invertible 
B'^'-morphism {g, h) are the {g, /i)-lifts solutions for the equations of Euler-Lagrange type 
(9.10). 

Using our theory, we obtain the following 
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Theorem If F is a Finsler fundamental function, then the geodesies on the manifold 
M are the curves such that the components of their {g,h) -lifts are solutions for the 
equations of Euler- Lagrange type (9.10). 

As any Lie algebroid can be regarded as a particularly generalized Lie algebroid, 
it is natural to propose to extend the study of the Finsler geometry from the usual 
Lie algebroid {{TM,tm, M) ,[,]rpj^ , (IdrM, IdM)) , to an arbitrary (generalized) Lie 
algebroid (^{E, tt, M) , [, ]g , (p, 77)) . 

2 Preliminaries 

Let Vect, Liealg, Mod, Man and B'^ be the category of real vector spaces, Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

We know that if {E, tt, M) € \'B^\ so that M is paracompact and if A C M is closed, 
then for any section u over A it exists u eT {E, tt, M) so that Uj^ = u. In the following, 
we consider only vector bundles with paracompact base. 

Aditionally if {E,Tr,M) G |B^| , r{E,7r,M) = {u e Man{M, E) : u o n = Mm} 
and J^(M) = Man(M,M), then (L (E, tt, M) , +, •) is a J" (M)-module. If {(p,ipo) G 
B'*' {{E, TT, M) , {E', tt', M')) such that ip^ G /soMan {M, M') , then, using the operation 

T{M)xY{E',tt',M') — ^ V{E',tt',M') 
{f,u') ^ foipo'-u' 

it results that (L [E', tt', M') , +, •) is a J-" (M)-module and we obtain the Mod-morphism 

r(£;,7r,M) '^^'^''^"^ > V{E'y,M') 

defined by 

for any y G M' . 

Let M,N e |Man| , h G /soMan (M, N) and r] G /soMan {N, M). 
We know (see [2,3]) that if {F,u,N) G jB'^j so that there exists 

(p, r?) G B- ((F, u, N) , {TM, tm, M)) 

and an operation 

r (F, v,N)xV (F, u,N) ^ r {F, N) 

with the following properties: 

GLAi. the equality holds good 

/ • '^]F,h = f ^]f,/i + ^{Tho p,hor]) {u) f ■ V, 
for ah u, G r {F, u, N) and f e T (N) . 
GLA2. the 4-tuple (^L (F, v, N) , +, •, [, \ is a Lie T (A^)-algebra, 
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GLA^. the Mod-morphism F {Th o p, /t o 77) is a LieAlg-morphism of 

(r{F,,y,N),+,;[,]F,h) 

source and 

{T{TN,tn,N),+,;[,]t^) 
target, then the triple ( {F, u, N) , [, , (p, ??) ) is called generalized Lie algebroid. 



In particular, if /i = Mm = f], then we obtain the definition of the Lie algebroid. 
We can discuss about the category GLA of generalized Lie algebroids. (see [3]) 
Examples of objects of this category are presented in the paper [2] . 

Let (^{F,i^,N),[,]j,f^,{p,ri)) be an object of the category GLA. 

• Locally, for any a,/3 € l,p, we set [ta,t^]pf^ = L'^^t^- We easily obtain that 
Lli3 = -Ll^, for any a,/3,7 G I, p. 

The real local functions i^^^, Ci,P,J € 1,P will be called the structure functions of 
the generalized Lie algebroid (j^F, u, N) , [, , (p, rj)^ . 



m 



We assume the following diagrams: 



F — ^ TM — TN 
N — ^ M — ^ 



{x',z"') {x\y') {x',z^) 



where i,i E l,m and a G 
If 



{x\y') — > (^x' {x') ,y' {x\y' 



and 
then 

and 



{X\z')^{x" {X'),z'' {X\z')), 
^ — J-^a^ ' 

We assume that {9, p) ^ {Th o p,hor]). If z°'ta G L {F, u, N) is arbitrary, then 

T{Thop,ho n) {z'^ta) fihor] (x)) = 
^^■^^ = ° ^ i^)) = ((/^i ° ^) ° ^) ^) (^)) ' 

for any / G 7" (iV) and x € N. 
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The coefficients respectively 0^ change to p^- respectively 0^- according to the 



rule: 
(2.2) 

respectively 

(2.3) 

where 



I A" 1 1 



Remark 2.1 The following equalities hold good: 



(2.4) 

and 



Pa°h 



dfoh / - 5/ 



dx^ 



^a^)°^.V/G7-(iV). 



(2.5) r\ r\d{pioh) 



We have the B"^-morphism 
(2.6) 

Let % ^\ Ids) be the B^-morphism of (tt* (h*F) , vr* (/iV) , E) source and {TE, te, E) 
target, where 



TT* {h*F) F 

TT* (/i*Z/) ; I 1/ 

M > iV 



7r*(h*F) 



(2.7) 



TT* (/l*F) 

(no.) 
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(Z- . p> o ^) — (u,) 



Using the operation 



V{'K*{h*F),iT*{h*v),Ef ) T{'K*{h*F),T:*{h*u),E) 

defined by 

(2-8) [r„,/T^]^.(,.^) =/(L2:^o/io;r)r^+(p^o/,0 7r)^T^, 

[/TQ;)r/9]7r*(^*F) ~ ~ /-^"]7r*(^*F) ' 

for any / G (£^) , it results that 

(tt* {h*F),7r* {h*v),E) , [,],.(^*^) , (^'%'^\ldE 



is a Lie algebroid. 
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3 Natural and adapted basis 

We consider the following diagram: 



(3.1) 



M 



where {E,Tr,M) is a vector bundle and (^{F,iy, N) ,[,]p , (p,r])j is a generalized Lie 
algebroid. 

We take as canonical local coordinates on {E,7r,M), where i G l,m and 

a G l,r. Let 

be a change of coordinates on {E,Tr,M). Then the coordinates y" change to by the 
rule: 

(3.2) /=M„V- 
For any sections 

Z'^Ta e r (tT* {h*F) , TT* (/l*F) , E) 

and 

we obtain the section 

= z"r„ © (z" (p> A o ^) A + ra_^) e r (,r« (fc-F) €> te,*, e) . 

Since we have 

d d 
Z'^^ + Y"^ = 
az" ay" 

t 

it imphes Z"" = 0, a G TTp and = 0, a G T^r. 

5 d d d 
Therefore, the sections -jr— r, — — , ttti •••• — ^re linearly independent. 

oz^ ozP oy^ oy'' 

We consider the vector subbundle {{p,r])TE, {p,r]) te, E) of the vector bundle 
^TT* {h*F) © r^;, TT, , for which the T (£^)-module of sections is the T (£')-submodule 

of (r ^TT* {h*F) © TE, ®, E^ ,+,•), generated by the set of sections 



d d 



(3.3) (#.i.l='(8„,8. 
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which is called the natural {p,r])-base. 

The matrix of coordinate transformation on ((p,ri)TE, {p,ri) te, E) at a change of 
fibred charts is 



(3.4) 



A" o /i o vr 







O TT 



We have the following 

Theorem 3.1 Let {p,IdE) be the 'B^ -morphism of {{p,r))TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.5) 



{p,r])TE-^TE 



Using the operation 



T{{p,rj)TE,ip,,)rE,Er -^^^^ 



r{{p,rj)TE,{p,rj) te,E) 



defined by 



(3.6) 



ryCtrp fy^rp 

^1 ^a, ^2 



J {p,v)TE 



■K*{h*F) 



for any I Zfda + Y^da J and I .^2^/3 + F2 ^6 I ) obtain that the couple 



{[A{p,n)TE^i.~P^IdE)) 



is a Lie algebroid structure for the vector bundle {{p, rf) TE, (p, rf) te, E) . 
The Lie algebroid 



, V) TE, {p, rj) TE, E) , [,]^p^r,)TE ' (P' ^dE)) , 



is called the Lie algebroid generalized tangent bundle. 
Remark 3.1 The following equalities hold good: 



(3.7) 



da, dp 

da,db 
da,db 



{p,n)TE 

ip,v)TE 



{P,V)TE 



Ll^ohoTT-d^ 



0, 



0, 



{P,V)TE 
{P,V)TE 



7 



We consider the B^-morphism ({p,r]) ttI, Ids) given by the commutative diagram 



(3. 



This is defined as: 



(3.9) 



{p, T]) TE ^-^^ TT* {h*F) 



{p,v)te 



E- 



pri 



^E 



{p,r]) tt! Z^da + Y^da M = (Z^Ta) (u^) , 



for any + Y^Baj G T {{p, ij) TE, (p, r?) te, E) . 

Using the B^-morphisms (2.6) and (3.7) we obtain the tangent {p^rj)- application 
{{p, rj) Tit, ho tt) of ((p, rj) TE, {p, rj) te, E) source and {F, v, N) target. 
Definition 3.1 The kernel of the tangent (p, ?7)-appIication is written 

{V{p,ri)TE, ip,v)rE,E) 

and it is cahed the vertical subbundle. 

We remark that the set ^ 5a, a G l,r| is a base of the (£^)-module 

{T(y{p,v)TE,{p,n)TE,E),+,-). 

Proposition 3.1 The short sequence of vector bundles 



0^ ^ V{p, n)TE^-^ {p, ri)TE ^ tt* {h*F) ^ 



(3.10) 



Ids 

E ^E 



IdE 



IdE 



-^E 



Ids 



^E 



is exact. 

Let {p,r])r be a (p, 77)-connection for the vector bundle(£^, tt, M) , i. e. a Man- 
morphism (p, rj) T of (p, rj) TE source and V (p, rj) TE target defined by 



(p, r?) r Z^da + Y'^da (u^) = {Y- + (p, r?) T^Z") da (u^) , 



(3.11) 



so that the B'^^-morphism ((p, jy) T, Idg) is a spht to the left in the previous exact 
sequence. Its components satisfy the law of transformation 



(3.12) 



(p, 7?) r^^M-o7r\p\o {hoT,f-^y^+ (p, rj)T<i\Klo (/iott 



The kernel of the B"^-morphism {{p,ri)T,IdE) is written {H (p, rj) TE, (p, r])TE,E) 
and is called the horizontal vector subbundle. 

We remark that the horizontal and the vertical vector subbundlcs are interior dif- 
ferential systems of the Lie algebroid generalized tangent bundle, (see [4] ) 
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We put the problem of finding a base for the T (£^)-module 

(r {H{p,n)TE, {p,n)TE,E),+,-) 

of the type 

which satisfies the following conditions: 
(3.13) 

0. 



Then we obtain the sections 
(3.14) w^=da- (p, V) Kda = Ta(B({pioho7r)di- (p, 77) r^^) 



such that their law of change is a tensorial law under a change of vector fiber charts. 
The base 

put 



will be called the adapted {p,r])-base. 

Remark 3.2 The following equality holds good 



r (p, Me) [5a) = (p> /l o tt) 5, - (p, 11) Ylda, 



(3.15) 



where ^9^, is the natural base for the T (£?)-module (F [TE, te, E) ,+,•). 

Moreover, if (p, 77) V is the (p, r7)-connection associated to the connection V (see [1] ) , 
then we obtain 



(3.16) 



r (p, IdE) {ic^ = {pi^ohow) 5i, 



where (^5i, dg^ is the adapted base for the (£^)-module (F (TE, te, E) , +, •) 
Theorem 3.2 The following equality holds good 



(3.17) 
where 



5 a, 50 



= Ll,o{ho7r)6^ + {p,r],h)R\sda, 



(3.18) 



(p, rj, h) = F (p, Me) [5p) {{p, rj) F" ) 

-F (p, Me) (^a) ((p, v) r^) + {lIp o o tt) (p, r?) F«, 
Moreover, we have: 



(3.19) 



r{p,ME){di,]{{p,ri)r-)da, 



9 



and 
(3.20) 



V{~p,IdE) Sa,S 



{p,ri)TE 



T{P,IdE){~6a),ri~p,IdE){S 



TE 



Let {dz",dy'^^ be the natural dual (p, 77)-base of natural (p, r/)-base | da, da 
This is determined by the equations 



'dy\dp)=Q, (dr,d^=5t. 
We consider the problem of finding a base for the (£^)-module 



{T{{V{p,rj)TE)\{{p,rj)TE)\E),+,.) 



of the type 



(5y« = e^dz"' + a;^dy^ a G 1, n 
which satisfies the following conditions: 



6r,da) = i/\{5r,Sa) = ^- 



(3.21) 

We obtain the sections 
(3.22) Jy« = (p, ri) Vldz"" + dy'',ae l~n. 

such that their changing rule is tensorial under a change of vector fiber charts. The 
base {dz'^jSy"') will be called the adapted dual {p,r])-base. 

4 The lift of a differentiable curve 

We consider the following diagram: 

E {F,[,]F,h,ip,r])) 



(4.1) 



where {E,n,M) G |B^| and (^{F,u, M) , {p,r])^ G |GLA| . 

We admit that (p, 77) F is a (p, 77)-connection for the vector bundle {E, tt, M) 
Let 

I M 

be a differentiable curve. 
We say that 

{E\ Im(r;ofeoc) , TT] Im(r;ofeoc) , Im (r/ O /l O c)) 

is a vector subbundle of the vector bundle {E,7r,M) . 
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Definition 4.1 Let 

C4 2") I Im('?o'ioc) 

^ ■ ^ t ^ y«(i)s„(r7o/ioc(t)) 

be a difFerentiable curve. 

If there exists g G Man [E, F) such that the fohowing conditions are satisfied: 

1. (3, h) € {{E, TT, M) , (F, J., AT)) and 

diri o ho cY (t) d ,, , X . .X ^ 

2. poffoc(t)= ^ ^ ^ ^((r?o^oc)(t)),foranyte J, 

then we will say that c is the {g, h)-lift of the differentiable curve c. 
Remark 4-1 The condition 2 is equivalent with the following affirmation: 
(4.3) (f^riohoc (t)) -g^ihoc (t)) ■ (t) = ^(!Z2^, i g j;^. 

Definition 4.2 If 

T ^ rp 

^ ^1 Im(r;o/ioc) 

is a differentiable {g, h)-Mt of the differentiable curve c, then the section 
(4.4) 



Im{riohoc) E^ lm{r,ohoc) 



rjoho c{t) I — > c {t) 

will be called the canonical section associated to the couple (c, c) . 

Definition 4.3 If (5, h) G B'*' {{E, tt, M) , {F, N)) has the components 

ga;a G l,r, a G l,p 

such that for any vector local (n+p)-chart (F, ty) of {F,i/,N) there exists the real 
functions 

V — M ; a G hr, aeTj) 

such that 

^^W-5?(x) = <5^, 

for any x G then we will say that the -morphism {g, h) is locally invertible. 

Remark ^.2 In particular, if (IdrM, IdM, IdM) = {p,ilih) and the B'^ morphism 
{g,IdM) is locally invertible, then we have the differentiable (g',/dM)-lift 

/ TM 

. . , ~J^.u^^dcHt) 8 
dt dx 



t ^ 9)icit))-^^{c{t)) 



Moreover, ii g = IdrM, then we obtain the usual lift of tangent vectors 

/ TM 
(4-6)' dc'{t) d 



dt dx 



licit)) 
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Definition 4.4 If 

(4-7) / -E^l Im(7?o?ioc) 

is a differentiable {g, /i)-lift of differentiable curve c, such that its components functions 
(y^, a G l,n) are solutions for the differentiable system of equations: 

(4.8) ^ + ip,r])T'^ o u{c,c) o (t] o h o c) ■ o h o c ■ = 0, 

then we will say that the {g,h)-lift c is parallel with respect to the {p,r]) -connection 

Remark 4-3 In particular, if {p,r],h) = {IdTM, Idu, Idu) ^'^d the B'^ morphism 
{g,IdM) is locally invertible, then the differentiable (5, /(irM)-lift 

I TM 
(4-9) / . dcA d 



(4.10)' ^ ' 



is parallel with respect to the connection T if the component functions 

are solutions for the differentiable system of equations 

(4.10) ^ + Tlou{c,c)oc-gloc-u'' = 0, 

namely 

+ri.((9'(cW).^).^(cW)).^ = o. 

Moreover, if 5 = IdxM, then the usual lift of tangent vectors (4.6)' is parallel with 
respect to the connection T if the component functions j € l,nj are solutions for 

the differentiable system of equations 

(4.10)" ^ + riou{c,c)oc-u^ = 0, 

namely 

(4.10)"' I (^) + . ^ (c it))) . ^ = 0. 

5 Remarkable Mod-endomorphisms 

In the following we consider the diagram: 

E (F,[,]F,h,iP^v)) 



M ■ 



12 



where {E,7r,M) G |B'^| and ^(F, i/, A^) , [, jj^^/j, (p, ^y)^ is a generalized Lie algebroid. 

Definition 5.1 For any Mod-endomorphism e of F ((p, rj) TE, (p, rf) te, E) we de- 
fine the appHcation of Nijenhuis type 

I{{p,ri)TE,{p,n)TE,Ef T{{p,n)TE,{p,n)TE,E) 

defined by 

Ne {X, Y) = [eX, eYl^^ + [X, Y]^^^ - e [eX, Y]^^^ - e [X, eY^^,^ , 
for any X,Y e I{{p,ri)TE,{p,ri)TE,E). 

5.1 Projectors 

Definition 5.1.1 Any Mod-endomorphism e of T {{p,r])TE,{p,ri )te,E) with the 
property 

(5.1.1) e^ = e 

will be called projector. 

Example 5.1.1 The Mod-endomorphism 

ri{p,rj)TE,{p,r])TE,E) T {{p,n)TE, {p,rj) te, E) 

Z'^da + Y^da ^ Y'^da 

is a projector which will be called the vertical projector. 

Remark 5.1.1 We have V {^cxj = a^nd V (^^a^ — ^a- Therefore, it follows 

V(4) =(p,r/)F«9„. 
In addition, we obtain the equality 

(5.1.2) F ((p, r?) F, He) ( Z^B^ + Y'^da] = V ( Z^B^ + Y'^da] , 



for any + Y^Ba € F ((p, r?) TE, (p, r?) rg, E) . 

Theorem 5.1.1 A {p,rf)- connection for the vector bundle {E,tt,M) is character- 
ized by the existence of a M.od- endomorphism V of T {{p,r])TE, {p,ri) te, E) with the 
properties: 

^ ■ ■ ^ V{X)=X ^X eriV{p,v)TE,ip,r^)TE,E) 

Example 5.1.2 The Mod-endomorphism 

T{{p,n)TE,{p,n)TE,E) T{{p,n)TE,{p,n)TE,E) 

Z^~Sa + Y^Ba ^ Z^~Sa 

is a projector which will be called the horizontal projector. 
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Remark 5.1.2 We have % {^oi^ =^a ^'^d 1-L [dg) =0. Therefore, we obtain T-L {pa^ =^a- 
Theorem 5.1.2 A {p,r])- connection for the vector bundle {E,it,M) is character- 
ized by the existence of a Mod-endomorphism % of T ((p, rj) TE, (p, rj) te, E) with the 
properties: 

(5 14) ^ ^ ^ ^) ^) ^) 

W (X) = X ^ X G r (i? (p, r?) T£;, (p, r?) TE, £;) . 

Corollary 5.1.1 A {p,r)) -connection for the vector bundle {E,Tr,M) is character- 
ized by the existence of a Mod-endomorphism % of T {{p,r])TE, {p,r]) te, E) with the 
properties: 

^^■^■^^ Ker {%) = (r {V (p, n) TE, (p, r/) r^, E) ,+,-)• 

Remark 5.1.3 For any X G T {{p,r])TE,{p,r])TE,E) we obtain the unique decom- 
position 

X = nx + VX. 

Proposition 5.1.1 After some calculations we obtain 

(5.1.6) Nv {X, Y) = V [nX, ^y](^,,)TE = Nu {X, Y) , 

for any X, y G T ((p, 77) T^, (p, 77) rg, £;) . 

Corollary 5.1.2 The horizontal interior differential system 

{H{p,7])TE, {p,ri)TE,E) 

is involutive if and only if Ny = or Ny_ = 0. 



5.2 The almost product structure 

Definition 5.2.1 Any Mod-endomorphism e of F {{p,r])TE,{p,r] )te,E) with the 
property 

(5.2.1) = Id 

will be called the almost product structure. 
Example 5.2.1 The Mod-endomorphism 

T{ip,rj)TE,{p,r,)TE,E) ^ T {{p,r])TE,{p,r^)TE,E) 

is an almost product structure. 

Remark 5.2.1 The previous almost product structure has the properties: 

V = {2n- Id) ; 

(5.2.2) v = {Id- 2V) ; 

'P = (n-V). 
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Remark 5.2.2 We obtain that V [5a] = 5^ and V [da] = —da- Therefore, it 
follows 



Theorem 5.2.1 A {p,r]) -connection for the vector bundle {E,Tr,M) is character- 
ized by the existence of a Mod- endomorphism V of F {{p,r])TE, {p,rj) te, E) with the 
following property: 

(5.2.3) V{X) = -X^XeT(y (p, v) TE, {p, r?) te, E) . 

Proposition 5.2.1 After some calculations, we obtain 

N-p {X, Y) = 4V [nX, UY] , 

for any X,Y eV {{p, ri) TE, {p, ri) te, E) . 

Corollary 5.2.1 The horizontal interior differential system {H (p, rj) TE, (p, 77) te, E) 

is involutive if and only if N-p = 0. 

5.3 The almost tangent structure 

Definition 5.3.1 Any Mod-endomorphism e of (r((p, rj)TE, (p, r])TE, E) with the prop- 
erty 

(5.3.1) = 

will be called the almost tangent structure. 

Example 5.3.1 If {E,Tr,M) = {F,u,N), g G Man{E,E) such that {g,h) is a 
locally invertible B"^-morphism, then the Mod-endomorphism 

T{{p,n)TE,{p,n)TE,E) M T{{p,n)TE,{p,n)TE,E) 

Z^~5a + Y% ^ {glohoT:)Z^d^ 

is an almost tangent structure which will be called the almost tangent structure associ- 
ated to the -morphism {g,h). (See: Definition 4-3) 
Remark 5.3.1 We obtain that 

J{g,h) (^a) = J{g,h) (4) = (^a « ^ « 7^) ^ and J(g,ft) = 0. 

and we have the following properties: 

^°J(g,h) = -^{9,h); 

J{g,h)°'H = J^g^h)-, 

(5.3.2) = 0; 

V°J{g,h) = J{g,h)\ 
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6 Tensor c?-fields. Distinguished linear (p, 7y)-connections 

We consider the following diagram: 

TT V 

M 

where {E,7t,M) G |B'*'| and ^(F, z/, iV) , [, (p, is a generalized Lie algebroid. 
Let 

{TP::{{p,v)TE, {p,v)TE,E),+,.) 

be the (£J)-module of tensor fields by (q,'s)-type from the generalized tangent bundle 
{H (p, 77) TE, (p, 77) TE, E) e {V (p, 77) TE, (p, 77) te, E) . 
An arbitrarily tensor field T is written as 

(8) ... ® da^ ® ® ... (Jy^". 

Let 

(T ((p,77)r£;,(p,77)rE,£;),+,-,®) 

be the tensor fields algebra of generalized tangent bundle ((p, 77) TE, (p, 77) te, E). 

If Ti G TZ]s7{{p,v)TE,{p,7])te,E) and T2£U%'{{p,v)TE,{p,rj)TE,E), then the 
components of product tensor field Ti (g) r2 are the products of local components of Ti 
and T2. 

Therefore, we obtain Ti ® G T^^^X+t? ((P' ^) (P' ^) ^) • 
Let VT{{p, ri)TE, (p, ri)TE-, E) be the family of tensor fields 

TGr((p,r7)rE,(p,7?)TE,£;) 

for which there exists 

Ti e 7^:0 {i.P^ V)TE, (p, n)TE, E) and T2 G ((p, r7)r£;, (p, 77)r^;, £;) 

such that T = Ti +T2. 

The (£;)-module {VT i{p,r])TE,{p,r))TE,E) ,+,■) will be called the 7noti7iZe 0/ 
distinguished tensor fields or the module of tensor d-fields. 
Remark 5.1 The elements of 

r((p,77)r£;,(p,77)TB,£^) 

respectively 

mp,r,)TEr,{{p,r,)TEr,E) 

are tensor d-fields. 
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Definition 6.1 Let 7r,M) be a vector bundle endowed with a (/9, ?7)-connection 
(p, rj) r and let 



(6.1) 



{X,T)^-^ip,r,)D^T 



be a covariant (p, r/)-derivative for the tensor algebra of the generalized tangent bundle 

{{p,rj)TE,{p,rj)TE,E) 

which preserves the horizontal and vertical IDS by parallelism. 
The real local functions 

((p, r?) H^^, {p, rj) H^, (p, r?) V^^„ {p, r,) F,",) 

defined by the following equalities: 



(6.2) 



(p, 7?) D-,^5p = (p, Tj) H-^6a, (p, v) Ds_^d, = (p, 7?) H^da 
(p, v) D, ~5p = (p, r?) V^J^, (p, v)D.Jb = {p, v) 

dc dc 



are the components of a linear (p, ?7)-connection 

((p,r/)/f, (p,r?)F) 

for the generalized tangent bundle ((p, r/) TE", (p, r])rE,E) which will be called the dis- 
tinguished linear (p, r])- connection. 

U h = Mm, then the distinguished linear {IdxM, /c?m )-connection will be called the 
distinguished linear connection. 

The components of a distinguished linear connection {H, V) will be denoted 

(-^jfc' ^bki ^jci He) • 

Theorem 6.1 // {{p,r])H, {p,ri)V) is a distinguished linear {p,ri)- connection for 
the generalized tangent bundle {{p,r])TE, {p,r]) te, E), then its components satisfy the 
change relations: 



(6.3) 



a 

Pi 



A^ohoTT- 



r{p,IdE) (S^) (A^o/i0 7r) + 
+ (p,r/) H^^ ■ A^o /i o tt] • A^o hoTT, 

(p, r?) H^- = o vr • [r (p, Me) (5^) (M" o vr) + 
+ (p,r?)i/^-M^-o7r] -A^ohoTT, 

(p, 17) V^^- = A°.0 /l O TT • (p, ?7) F^", ■ A^O O TT • M^^ O TT, 

(p, ?7) = o TT • (p, r?) ■ M^^ o TT • M§ o tt. 
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The components of a distinguished linear connection {H, V) verify the change rela- 
tions: 



(6.3') 



dx 



— {MSo7r) + H^^-Mlo7r 

: dx^ 



dx^ 
dx^ 



- O TT, 



dx^ 



O TT, 



dx 



dxi 



y«: =M«'o7r-K«-M,^o7r-MSo7r. 



fee -'"6' 



Example 6.1 If {E,i:,M) is a vector bundle endowed with the (p, r/)-connection 
77) r, then the local real functions 



arc the components of a distinguished linear (/), 77) -connection for ((p, 77) TE^, (p, 77) te-, E) , 
which will by called the Berwald linear {p, rj)- connection. 

The Berwald linear (IdrM, -^c?M)-connection will be called the Berwald linear con- 
nection. 

Theorem 6.2 If the generalized tangent bundle (lp,ri)TE,{p,rj)TE,^ is endowed with 
a distinguished linear {p,r])- connection {{p,r])H, (p,r])V), then, for any 



and for any 



X = Z^6a + Y-da G r((p,77)rE,(p,??)rE,^) 
TeTj;{{p,r])TE,{p,rj)TE,E), 



we obtain the formula: 

(p, 77) Dx (T>7;;;;5,';:::,^'-5a, ® ... ® ~da, d~z^ 

i^^i ® da^ ... O da, ® O ... (^y"" ) = 

,oi...Os|7 - - „p - 

®5a^ ® dz^-^ ® . 



dzl" 



<jy + ^ P-,...pM...bs lc ^ai 



where 



rj-iai...apai...ar -n r~ tj \ x \ rpai-.-apai-.-ar 
^^i.../3,fei...fe.|7 = U7 ) 7>,.../3,fei...fe, 



■aa2...ctpai...ar 



C " + ••• + iP^V)Ha^Tg';;- 



aprpai---ap-iaai...ar 



fel. 



- (P'^J ^/3i7^/3/32.../3,fei...6. - - - (P'^)^/3,7^/3i.../3,_i/3fei... 
+ (P) m ^a7^3i...^,fei...6. + - + (P' ^) ^aT^3i.../3,6i...fe. 
lP'^J^fei7^/3i.../3<,fefe2...fe. - \P^V)J^b,'y-^^i...^M...bs-ib 
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and 



-,Oii...a.pai...ar 
Pi...PM...bs 



T{~p,IdE)[dAT: 



+ 



a^rpCia2...apai...ar 



/3i.../3„fei. 



+ ... + 



^aprriai...ap^iaai...ar 



(n ^W/^ ^ai...apOi...a,. ( n ^Wl^ ^ai...apOi...a^ 

l/^'^J %c^/3/32.../3,6i...6, ••• IP'^J %c^/3i.../3,_i/36i...fe,+ 

-I- (n n) YairT.ar...apaa2...ar a. I n T/a,7."i-ap«i-«r-ia 

+ IP> V) Vac ^p^...l3^bi...b, + - + 1/5' ^) ^ac ^ I3^...l3^bi...b, 

— (n r,^T/& rpai...apai...ar _( „\^rb rpOii...apai...ar 

^) %c^/3i.../3,662...&s-- ^> ^bsC-^l3i...Pgbi...b,-ib- 

Definition 6.2 We assume that {E, tt, M) = (F, i/, TV) . 

If (p, ry) r is a (p, r7)-connection for the vector bundle {E, tt, M) and 

((p, 77) (p, 77) (p, 7?) (p, 7?) v,i) 

are the components of a distinguished hnear (p, 77) -connection for the generaUzed tangent 
bundle ((p, 77) TE, (p, ri)TE,E) such that 

(p, 77) = (p, r/) and (p, r/) F," = (p, 77) Kc 

then we will say that the generalized tangent bundle {{p,r])TE, {p,r])TE,E) is endowed 
with a normal distinguished linear (p, r]) -connection on components ((p, 77) H^^, (p, 77) V^")- 
The components of a normal distinguished linear (7dTM, -fc?M)-connection {H,V) 

will be denoted (^H'.,^, 1/^) . 



7 Mechanical systems 

We consider the following diagram: 

E (i?,[,]^^;,,(p,7?)) 



(7.1) 



where (^{E, tt, M) , [, /j , (p, 77)^ is a generalized Lie algebroid. 
Definition 7.1 A triple 



(7.2) 

where 

(7.3) 



((£;,7r,M),Fe,(p,ry)r)^ 



F, = F-^(^T{V (p, 77) TE, (p, 7?) TE, E) 



is an external force and {p,ri)T is a (p, r/)-connection for the vector bundle {E,Tr,M), 
will be called the mechanical {p, 7]) -system. 

Definition 7.2 A smooth Lagrange fundamental function on the vector bundle 



{E, TT, M) is a mapping E 



which satisfies the following conditions: 
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1. L o n G C~ (M), for any « G T {E, vr, M) \ {0}; 

2. L o G C° (M), where means the null section of {E, tt, M) . 

Let L be a Lagrangian defined on the total space of the vector bundle [E, vr, M) . 
If ([/, su) is a local vector (m + r)-chart for (£', tt, M), then we obtain the following 
real functions defined on vr"^ ([/): 

dL put d put d L put d f d 

' dx^ dx^ ' dx^dv^ dx^ \ dy^ 

(7.5) 2 

put put d , , put 9 L put d ( d , , 

Definition 7.3 If for any vector local m + r-chart {U, su) of {E, tt, M) , we have: 

(7.6) rank \\Lab iux)\\ = r, 

for any WxG7r~^(?7)\{0a;}, then we will say that the Lagrangian L is regular. 

Proposition 7.1 If the Lagrangian L is regular, then for any vector local m+r-chart 
{U, Su) of {E, TT, M) , we obtain the real functions L"** locally defined by 

(7.8) -~'(^) , 

where L"^ {u^) = HL^b (u^) |p\ /or any n^, G vr^^ (?7) \ {O^,} . 

Definition 7.4 A smooth Finsler fundamental function on the vector bundle {E, tt, M) 
is a mapping 

E M+ 
which satisfies the following conditions: 

1. FoueC°°{M), for any u G r {E, tt, M) \ {0}; 

2. F o G C° (M), where means the null section of {E, tt, M); 

3. F is positively 1-homogenous on the fibres of vector bundle {E,Tr,M) ; 

4. For any vector local m + r-chart {U, su) of (£^, tt, M) , the hessian: 

(7.9) ||i^'a6(^.)|| 

is positively define for any Ux G vr^^ ([/) \ {0^:}. 

Definition 7.5 If L (respectively F) is a smooth Lagrange (respectively Finsler 
function), then the triple 

{{E, TT, M) , Fe, L) ( respectively {{E, tt, M) , Fg, F)) 

where Fg = ^"''g^ G F (F (p, r/) TE, (p, r/) r^;, F) is an external force, is called Lagrange 

mechanical {p,ri) -system and Finsler mechanical {p^rj)- system, respectively. 

Any Lagrange mechanical (JdrM, -fc?M)-system and any Finsler mechanical 
(7dTM, -fc?M)-system will be called Lagrange mechanical system and Finsler mechanical 
system, respectively. 
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8 7y)-semisprays and (p, 7y)-sprays for mechanical (p, 7^)- 
systems 

Let {{E, TT, M) , Fg, {p, r])r) be an arbitrary mechanical (p, r7)-system. 

Definition 8.1 The vertical section C=y"5awill be called the Liouville section. 

A section S eT {{p, rj) TE, (p, ij) te, E) will be called (p, r])-semispray if there exists 
an almost tangent structure e such that e (S*) = C. 

Let g G Man E) be such that (5, h) is a locally invertible B'^-morphism of 
{E, TT, M) source and target. 

Theorem 8.1 The section 



(8.2) 



S = {g'^oho tt) y'^Ba - 2 (G« - \F'^) da 



is a {p,ri)-semispray such that the real local functions G", a G l,n, satisfy the following 
conditions 



(8.3) 



9(G"'-iF«) 



ip,v)r- ={g',oho7r 

~\ {gi^ho vr) y^L^ (gjohoix 
+h if^coho^ '-^yHg^oh 

dx 



O TT 



In addition, we remark that the local real functions 



(p,77)f« ={glohoTT)9G- 



9y 



(8.4) 



-i(<7fo/iovr) y-L^Jff^o/iovr) 
-i(5e^o/iovr)y^ (Pl o /, o vr) 



are t/ie components of a [p,rf)- connection {p,r])T for the vector bundle {E,ir,M) . 

The (p, 77)-scmispray S will be called the canonical (p, r])-semispray associated to me- 
chanical (p, 7])-system {{E, tt, M) , F^., (p, rj) F) and /rom locally invertible -morphism 
{9,h). 

Proof. We consider the Mod-endomorphism 

r{{p,r^)TE,{p,7])TE,E) T{{p,r,)TE,{p,ri)TE,E) 

^ ' ^ ^ ['S'' ^] (p,7,)TE - ["S", J [g,h) X] . 

Let X = Z°'da + y^Qa be an arbitrary section. Since 



\S,X\ 



{P,V)TE 



ig^ohoTT-y')da,Z% 



ip,v)TE 



+ 



2(G''~^F^]da,Z% 



J {p,r,)TE 



{g^ohoTT-y')da,Y% 



2 [ - ^F'' ] da,Y''db 



(P,V)TE 



J (p,v)TE 
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and 



= (g^ ohoTr) if (pi oho tt) 



+ {gloho',T)fZ'Ll,d, 



{g^ohoTr-y^)da,Y% 



J {p,v)TE 



{g^oho vr) {p\oho tt) -^d, 



-Y 



2[G''--F'']da,Z'db 



J {p,V)TE 



2 ( G'^ - -F" 



1 dZ'' 



2(G'^-iF") da,Y^db 
it results that 



J {p,v)TE 



'dy^ 



dr. 



^{9.K) \S. X\ = {gl ohon)y^{piohon)^ [g^ ohon)d^ 



(Pi) 



(p^ o /i o tt) 



d{g^ohon) fa 



y 



+ {gt ohoTT) y'Z'Ll, (gt o /i o tt) - Y'^Bd 
1 dZ"" 



-2 ( G"" - -F" 



/ \ 

-(yfo/iOTr) a,. 



QyO. 



Since 



[S,J{9,h)X] 



{g:oho7r)y%,Z' {~g',ohon)d. 



2{G---F'']da,Z'i~g^,oho7r)d, 



{P,V)TE 
- iP,ri)TE 



and 

{gtoho7r)y^da,Z'' (3^^ o /i o vr) 4 



-Z% + ig-^oho7r)y' [(^^o h o t,) — (gf o h o t:) 



J {p,r,)TE 



-{glohoT,)y- {plohoTT) Z 



,d{g^ohoTT) : 



dx^ 



dd, 



2(G''-^F-)da,Z' {gtohoTr)dc 



(P,V)TE 



2 - -F" 



1 dZ^ 



dy" 



gtohoTT]dd 
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it results that 

gfoho-K^dd 



4 y dy"- 



Using equalities (Pi) and (^-2)5 we obtain: 

P i^Z'^Ba + V'b^ = Z'^da - Y'^dd + (5e" ° h o n) y'Z'^Ll^ {gi ohon)dd 
-Z^ [fioho n) ^^S^ye ^gd ohon)dd 
+ ohon)y^ {pl ohon) Z^'-^^dd 
-Z^gloho^) ''^'"^yy dd 

After some calculations, it results that P is an almost product structure. 
Using the equalities (5.1.2) and (5.2.2) it results that 

z'^da + Y^d^ ={id-2 {p, rj) r) (z'^da + r"9a 



for any Z^da + Y'^da eT{{p, 77) TE, {p, r])TE,E) and we obtain 

{p, rj) r (^Z'^da + Y'^da^ = Y'^dd -\{gtoho tt) y^Z^L^^, {g^ oho7r)dd 

+\Z^ {p>oho tt) '-^^y^ {ai ohon)dd 

-\{gtoho.)y^{,f^oho.)Z^'M^dd 
+Z\glohoT:) '^%')^"h d. 

Since 

(p, rj) r l^z-da + Y-da^ = [Y^ + (p, 77) rfz^) dd 

it results the relations (8.3). In addition, since 

{p,r^)tl = {p,rj)Vl + -gioho'K^ 
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and 

(p,ry)r-: =(p,^)r^:+-5^;o/i0 7r^ 

pJ,o^o7r-^/+(p,r?)r«jM^o^o7r 

(1 OF"" \ 

PlohoTT ■ -^y"' + l^ip, r,) T- + -y^o/iOTr • —^j J M^o/jott 

P^/iovr • ^/ + (p, ry) J Meo/i07r 

it results the conclusion of the theorem. q.e.d. 

Remark 8.1 If (p, r?) = (IcItm , IdM), ig,h) = (IcIe, IcIm), and ^ 0, then we ob- 
tain the canonical semispray associated to connection F which is not the same canonical 
semispray presented by I. Bucataru and R. Miron in [5]. 

In particular, if {p,7]) = {IdTM,^dM), {g,h) = {Me, IdM), and F^ = 0, then we 
obtain the classical canonical semispray associated to connection T. 

Using Theorem 8.1, we obtain the following: 

Theorem 8.2 The following properties hold good: 

o 

1° Since 6c = dc — {p, rf) V^da, c G 1, r, it results that 

(8.5) \ = Sc-\glohoT,.^da, cgT;?. 
2° Since ly" = {p,r]) T'^dz" + dy", it results that 

(8.6) °Sr = Sr + Igi o h o 7r|^d5^ a G T;7. 
Theorem 8.3 The real local functions 

(8.7) (^,^,0, 0),a,6,cGT;7, 
and 

(8.7') (^,^,0, 0),a,6,cGT;7, 

respectively, are the coefficients to a normal Berwald linear {p,ri)- connection for the 
generalized tangent bundle ({p,r])TE,{p,r])TE,E). 

Theorem 8.4 The tensor of integrability of the {p,r]) -connection {p,r])r is as fol- 
lows: 

1 / OF'^ 3F^ \ 

(p, 77, h) = (p, r?, h) +l\9d°ho tt^^^ -~gloho ] 

dFKf , d^F"- . , dF^^^ , d'^F" 



Iff \ dF^ 
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where |c is the h-covariant derivation with respect to the normal Berwald linear {p,r])- 
connection (8.7). 
Proof. Since 



and 



{p, ri, h) = r (p, Me) [{p, r?) - V (p, He) [5^ 
+L%,oho{hon) ip,v)ri 

r (p, Me) (^c) ((p, r/) f = r (p, (^c) ((p, r/) 



1 dF-f d 



1 , dPf d 



QdOhoTT 



T{p,Me){~S. 



(p,r?)f») =r(p,7ds)(^d)((p,r/)r«) 

+-r(p,ME) (Sd) iglohoTT 
dFf d 



1 , 5 



dF" 
dy"" 



IG"'" dy^ dyf 

Ll^oho7r-{p,rj)t<^, = L^, o /j o vr ■ (p, 77) 

it results the conclusion of the theorem. 

Proposition 8.1 If S is the canonical {p,rf)-semispray associated to the mechanical 
{p,r])-system ((£', tt, M) , Fg, (p, r/) F) and from W -morphism {g,h), then 

(8.9) 2G" = 2G'^Mf o /i o tt - (£?« o /i o tt) (p'„ o /i o tt) 

Proof. Since the Jacobian matrix of coordinates transformation is 



q.e.d. 



M^ohoTT 







M^ohoTT 



and 



M^ohoTT 



{9t ohon)y^ 



-2 I G"^ - -F" 



-2 I - -F" 



the conclusion results immediately. 
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In the following, we consider a difFerentiable curve / 4 M and its {g, h)-Mt I ^ E. 
q.e.d. 

Definition 8.3 If it is verifies the following equality: 

(8.10) dj^ = r{p,idE)S{c{t)), 

then we say that the curve c is an integral curve of the {p, rj) -semispray S of the me- 
chanical {p,r]) -system ((£', vr, Af) , Fg, (p, 77) F), 

Theorem 8.5 All {g,h) -lifts solutions of the equations: 

(8.11) + 2G«o u (c, c) (a; {t)) =^^"0 u (c, c) (x (t)), ael^, 

where x (t) = (rj o h o c) (t) , are integral curves of the canonical {p, rj) -semispray asso- 
ciated to mechanical {p,r])-system {{E,Tr, M) , F^., {p,r])r) and from locally invertible 
W -morphism {g, h) . 

Proof. Since the equality 



dt 

is equivalent to 

^^{{nohocr{t),y%t)) 



'^-T{p,IdE)S{c(t)) 



= (pior,ohoc{t)g^ohoc{t)y\t),-2(G--^F''^ ((77 o o c)^(t), y«(t))) , 
it results 

+ 2G" {x' it) , y- {t)) = [x' it) , y- {t)) , a G T;^, 

Arpi (f) 

-Al = plor,ohoc{t)gtohoc{t)y'{t), 

where (t) = (ry o /i o c)* (t). q.e.d. 
Definition 8.4 If 5 is a (p, ?7)-semispray, then the vector field 

(8.12) KS\,,,)TE-S 

will be called the derivation of (p, rj) -semispray S. 

The (p, r7)-semispray S will be called {p,r]) -spray if the following conditions are 
verified: 

1. S oO e C^, where is the null section; 

2. Its derivation is the null vector field. 

The (/9, 77)-semispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 

1. S oO e C^, where is the null section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idrM, IdM) and {g,h) = (Me, Idu) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 
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Theorem 8.6 // S is the canonical {p,ri)-spray associated to mechanical {p,r])- 
system {{E,n, M) , F^., {p,r])T) and from locally invertible W -morphism {g,h), then 



(8.13) 



2(G»-iF«) ={p,n)r-(^g'}ohoTr)yf 

+ i {gioho tt) y" {L\^ oHott) {g^ oHott) ^g^f ohoTT^ yf 

~k {pi-ho^) '-i^y^{g^,ohon) {9'}ohon)yf 
mg'eohon)y^{plohon)'-^S^ 



gjohoTTjy 



We obtain the spray 



(8.14) 



S ={gtoho tt) y^da + (p, r/) [g}oho vr j y/^, 

+1 {9i°ho tt) y" (L^^ ohoTr){g^ohon)(^g'j:oho7r^ y^da 
-h{p'coho7r) '-i^^ye(~gaohon) {g}ohon)yfda 



+i {g^^ohon) (p*^ o /i o tt) 



8(ggofeo7r) 



9/ 



T/lis spray will be called the canonical {p,j])-spray associated to mechanical system 
{{E,7r,M) ,Fe,{p,ri)T) and from locally invertible W -morphism {g,h). 

In particular, if {p,r]) = {idxM, Idu) and {g,h) = {Ids, IdM) , then we get the 
canonical spray associated to connection F which is similar with the classical canonical 
spray associated to connection T. 

Proof. Since 



ri)TE 



y^'da, {gloho-K- y^) db 
V^da-, [gloho-K- y^) 4 



J {p,r))TE 



J {p,v)TE 



{P,V)TE 



glo hoTT ■ y''^ db 



and 



y'^da, {G' - If") db 
it results that 



..aHG'-lF"), 



J {p,v)TE 



dy"- 



db 



(^i) 



{P,V)TE 



S 



fd{G''-\F"') 



+ 2 I - -F" 



da 



Using equality (8.3), it results that 



d {G" - \F'') 



{S2) 



+ 



{p,r,)Vl (^^o/iott) 

i (fff o /i o tt) y" {L\^ ohoTr) {g^ ohoir) (^gjohoTT^ 

-h{pioho^) '-i^y^^boho^) [g^^oho.) 
+ i {g"e°ho7r) y" {pIoHo-k) 



(9((/°o/to7r) 



9f 



' ho 
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Using equalities (Si) and (S'2), it results the conclusion of the theorem. q.e.d. 
Theorem 8.7 All {g,h) -lifts solutions of the following system of equations: 

^ + (p,r?)r« {g'fohon) / 

+ 1 {ai^ho tt) ohoTT^{g^ohoTr){gjohoTr) yf 

1 d ( ^ o ho tt) 

--{piohoTr) -^l^-^y-{gloho^) {gjohoTT) yf 

+ l{9loho^) y^plohon)^^^^^{g}ohon)yf = 0, 

are the integral curves of canonical {p,r]) -spray associated to mechanical (p,ri)-system 
{{E, TT, M) , Fg, (p, rf) r) and from locally invertible 'S^ -morphism {g, h) . 

9 A Lagrangian formalism for Lagrange mechanical {p, 77)- 
systems 

Let ((£■, TT, M) ,Fe,L) be an arbitrarily Lagrange mechanical (p, ?7)-system. 

Let {dz°',dy°') be the natural dual {p,r])-base of the natural (p, 77)-base I da, da 



It is very important to remark that the 1-forms dz°',dy"', a G l,p are not the 
differentials of coordinates functions as in the classical case, but we will use the same 
notations. In this case 

(dz'^) / (i'^) = 0, 

where d^^'*')^^ is the exterior differentiation operator associated to exterior differential 
F (£^)-algebra 

{A{{p,ri)TE, {p,ri)TE,E),+,;A). 

Let L be a regular Lagrangian and let {g, h) be a locally invertible B"^-morphism of 
{E, TT, M) source and {E, n, M) target. 
Definition 9.1 The 1-form 

(9.1) ^L = (^^o/io7r-Le)d5« 

will be called the 1-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible W -morphism {g,h). 

We obtain easily: 

(9.2) Ol [da) =glohoTr-Le, 9l (d^^ = 0. 
Definition 9.2 The 2-form 

will be called the 2-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible W -morphism {g,h). 
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By the definition of d^^'^^"^^ , we obtain: 

ul{U,V) =Ti~p,IdE){U){eL{V)) 
^^'^^ - r {~P, Me) {V) {Ol m - Ol ([C/, 

for any [/, F G T ((p, t?) TE, {p, r]) te, E). 
Definition 9.3 The real function 

(9.4) £L = {gtohoT,)y^La-L 

will be called the energy of regular Lagrangian L. 
Theorem 9.1 The equation 

(9.5) is {ul) = -dM^^ {£l) ,ser {{p, n) te, {p, n) te, e) , 

has an unique solution Sl {g,h) of the type: 

(9.6) (5» ohon) y'da - 2 (G« - ^F") 5„, 
where 

(9.7) -2 (G« - IF'^) = Eb (L, g, h) L^^ {g^ ohoTr) 



and 



Eb{L,g,h) = (p^o/iott) Li 



(9.8) ~\9^^no.)yf[p^,oho.)m^^ 

^Uoho.\yf{ff^oho.) 
+ (5/ o ^ o ttJ y^ (Ll^ohoTr) {gloho tt) Le 

Sl {g,h) will be called the canonical {p,ri)-sem,ispray associated to Lagrange mecha- 
nical {p,ri) -system {{E,tt, M) , Fg, L) and from locally invertible ^^-morphism {g,h). 
Proof. We obtain that 

^5 (c^l) = -rf^"'")^^ {£l) 

if and only if 

CJL {S,X) = -T{p,IdE){X) (Sl), 

for any X e r {{p, rj) TE, {p, rj) te,E). 
Particularly, we obtain: 

LOL (5, 4) = -r {p. Me) (4) (Sl) ■ 
If we expand this equality, we obtain 

{gj oho.)yf [(pj,o/.o.) _ (^.o/.o.) ^(fel^i^ 

- {Ll^ohon) {gl o o tt) Le] - 2 - -F^^ (5^ o o tt) • L^b 
i . J ( ^ . , d{{g-oho7r)y^La) 
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After some calculations, we obtain the conclusion of the theorem. 
Remark 9.1 If = and rj = Mm , then 



q.e.d. 



Eb {L, IdE, Idu) = (p^foOTr) Li - / (p^ott) L^^ + y'^ (i^^^oTr) Lc 

and Sl {Me, IdM) ^= Sl is the canonical p-semispray associated to regular Lagrangian 
L which is similar with the semispray presented in [9] by M. de Leon, J. Marrero and 
E. Martinez. 

In addition, if Fg 7^ and (p, ??) = {Mtm , Mm), then Sl {Me, Mm) = Sl will 
be called the canonical semispray which is similar with the semispray presented by 
I. Bucataru and R. Miron in [5]. 

In particular, ii Fg = Q and {p, rf) = {Id/pM, IdM), then Sl {IdM, IdE) ^= Sl will be 
called the canonical semispray which is similar with the canonical semispray presented 
by R. Miron and M. Anastasici in [13]. (see also [14]) 

Theorem 9.2 // Sl {g,h) is the canonical {p,rj)- semispray associated to Lagrange 
mechanical {p,r])-system {{E,7t, M) , Fg, L) and from locally invertible 'B^ -morphism 
{g, h) , then the real local functions 

-i {gjoho vr) o /i o tt) [g^joho-K^ 



(9.9) 



i[p^coho^) ^(^,/(^ao/,o.) 



-i {gloho-K) y^ {plohoTr) 



9(g"o/to7r) 
dx'- 



are the components of a {p, r]) -connection {p, rj) F for the vector bundle {E, vr, M) which 
will be called the {p^r])- connection associated to Lagrange mechanical {p,r])-system 
{{E,7r, M) , Fe, L) and from locally invertible W -morphism {g,h). 
In particular, if r] = h = IdM and g = IdE, then we obtain 

.qq/^ j 9 (L, /dg, /c/m) F'») 1 ^ 

P'-c 2 dy^ 2^ 

Theorem 9.3 The parallel {g,h) -lifts with respect to {p,ri) -connection {p,ri)T are 
the integral curves of the canonical {p^rf)- semispray associated to mechanical {p,r])- 
system ((F, 7r,M) ,F(.,L) and from locally invertible -morphism {g,h) . 

Definition 9.4 The equations 

(9.10) - (^E, {L, g, h) {gt ohon))ou (c, c) {x {t)) = 0, 

where x {t) = rjoho c{t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,rj)-system ((F,7r, M) ,Fg,L) and from locally invertible B"^- 
morphism {g,h) . 
The equations 

(9.10') - (^E, (L, Me, Mm) V"") o u (c, c) {x {t)) = 0, 

where X {t) = c{t), will be called the equations of Euler- Lagrange type associated to 
Lagrange mechanical {p,rj)-system {{E,7r, M) , Eg, L). 
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Remark 9.1 The integral curves of the canonical (p, ?7)-semispray associated to me- 
chanical (/9, ry)-system tt, M) ,Fe,L) and from locally invertible B"^-morphism (g, h) 
are the {g, /i)-lifts solutions for the equations of Euler-Lagrange type (9.10). 

Using our theory, we obtain the following 

Theorem 9.4 If F is a Finsler fundamental function, then the geodesies on the 
manifold M are the curves such that the components of their {g,h) -lifts are solutions 
for the equations of Euler-Lagrange type (9.10) . 

Therefore, it is natural to propose to extend the study of the Finsler geometry from 
the usual Lie algebroid {{TM,tm, M) , [,]rp]^ , {IdTM,IdM)) , to an arbitrary (generali- 
zed) Lie algebroid (^{E, tt, M) , [, , (p, 77)^ . 
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LAGRANGIAN MECHANICS 
ON GENERALIZED LIE ALGEBROIDS 

by 

CONSTANTIN M. ARCU§ 

. Abstract 

. A solution for the Weinstein's Problem in the general framework of generalized 

bX)' Lie algebroids is the target of this paper. We present the mechanical systems called 

^ , by use, mechanical {p,rf)- systems, Lagrange mechanical {p,ri)-systems or Finsler 

' mechanical {p,rf)-systems and we develop their geometries. We obtain the canoni- 

, cal ?7)-semi(spray) associated to a mechanical (p, 77)-system. The Lagrange me- 

^sj ' chanical (p, 77)-systems are the spaces necessary to develop a Lagrangian formalism. 

We obtain the (p, 77)-semispray associated to a regular Lagrangian L and external 

(— I ' force Ff, and we derive the equations of Euler-Lagrange type. A new point of view 

^ |. over classical and modern results about Lagrangian Mechanics are presented. 
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1 Introduction 



The notion of Lagrange space was introduced and studied by J. Kern [7] and R. Miron 
[12] . The geometry of Lagrange spaces was extensively examined by geometers and 
physicists from Canada, Germany, Hungary, Italy, Japan, Romania, Russia and USA. 
Many international conferances were devoted to debate this subject, proceedings and 
monographs were published [4, 5, 13, 14, 15, 18] . In the classical sense, a regular La- 
grangian on TM is a smooth function TM M such that the Hessian matrix 

with entries ^ 

9ij {x,p) = 2 dy*dyi 

is everywhere nondegenerate on TM (or on a domain of TM) and a Lagrange space is 
a pair = {M,L) , where L is a regular Lagrangian (see [15]). 

We know that a geodesic of the Lagrange space is an extremal curve of the action 
integral 



I{c) = j L[x{t)/^)dt. 





This is, in fact, a solution of the Euler-Lagrange system of equations: 

■ i _ dx^(i) A ( dL\ _ dL _ r) 
dt ^ dt \dx^) dx^ ' 

where (x* (t) , i G 1, m) are the local coordinates of the point c {t) . 
This system is equivalent to 



dp 



+ 2G^ [x, f ) = 0. 



Here G l,m are the components of a semispray that generates a notable non- 
linear connection, whose coefficients are given by 

The case when L is square of a function on TM, positively, 1-homogeneous with 
respect to the velocity y', provides an important class of Lagrange spaces called Finsler 
spaces. 

We know the Weinstein's Problem: 



Develop a Lagrangian formalism directly on the given Lie algebroid similar to 
Klein's formalism for ordinary Lagrangian Mechanics (see [8]). 

This problem was formulated by A. Weinstein in [23], where the author gave the 
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations 
using the dual of a Lie algebroid and the Legendre transformation defined by a regu- 
lar Lagrangian. In [10], P. Liberman showed that such a formalism is not possible if 
one consider the tangent bundle of a Lie algebroid as space for developing the theory. 
Using the prolongation of a Lie algebroid over a smooth map, E. Martinez solved the 
Weinstein's Problem in [11] (see also [6,9]). 

A Lagrangian description of Mechanics on Lie algebroids was extensively studied by 
many authors, (see [16, 17, 19, 20, 21, 22] ) 
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The generalized Lie algebroid is a new notion necessary to obtain a new class of 
(linear) connections in Ehresmann sense, (see [1]) The notions of IDS and EDS for Lie 
algebroids presented in [3] was natural extended to generalized Lie algebroids in [2] . In 
particular there are obtained a new point of view over exterior differential calculus for 
Lie algebroids. 

In this paper we propose to solve the Weinstein's Problem in the general frame- 
work of generalized Lie algebroids. 

In the Sections 3, 4, 5 and 6 we set up the basic notions and terminology. In Sec- 
tion 7 we introduce the mechanical systems called by use, mechanical {p,rf)- systems, 
Lagrange mechanical {p,r]) -systems or Finsler mechanical {p,r]) -systems. In Section 
8 we present the canonical {p, r]) -semispray associated to mechanical {p, rj) -system 
{{E,Tr,M) ,Fe,{p,r])T) and from locally invertible W -morphism {g,h). If (p, ?/) = 
(IdxAijIdM), ig,h) = {IdE, IdM), and Fe ^ 0, then we obtain the canonical semispray 
associated to a connection T presented by I. Bucataru and R. Miron in [5]. Also, wc ob- 
tain the canonical {p,r])-spray associated to mechanical system {{E,n,M) ,Fe, (p, ry)r) 
and from locally invertible B^-morphism {g,h). 

The Section 9 is dedicated to study the geometry of Lagrange mechanical (p, rf)- 
systems. These mechanical systems are the spaces necessary to solve the Weinstein's 
Problem in the general framewok of generalized Lie algebroids. We determine and 
we study the (p, r7)-semispray associated to a regular Lagrangian L and external force 
Ff> which are applied on the total space of a generalized Lie algebroid and we derive 
the equations of Euler-Lagrange type. In particular, using the Lie algebroid generali- 
zed tangent bundle of a Lie algebroid, we obtain a new solution for the Weinstein's 
Problem, different by the Martinez's solution. 

Finally, we obtain that the integral curves of the canonical (p, r/)-semispray associ- 
ated to Lagrange mechanical (p, r/)-system ((i?, vr, M) , F^, L) and from locally invertible 
B'^-morphism {g, h) are the (g', /i)-lifts solutions for the equations of Euler-Lagrange type 
(9.10). 

Using our theory, we obtain the following 

Theorem If F is a Finsler fundamental function, then the geodesies on the manifold 
M are the curves such that the components of their (g,h) -lifts are solutions for the 
equations of Euler-Lagrange type (9.10) . 

As any Lie algebroid can be regarded as a particularly generalized Lie algebroid, 
it is natural to propose to extend the study of the Finsler geometry from the usual 
Lie algebroid {{TM,tmi M) , (Mtm, Idi^)) , to an arbitrary (generalized) Lie 

algebroid (^{E, vr, M) , [, ] , (p, ry)) . 

2 Preliminaries 

Let Vect, Liealg, Mod, Man and B'*' be the category of real vector spaces, Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

We know that if {E, it, M) G |B"*'| so that M is paracompact and if ^ C M is closed, 

then for any section u over A it exists u £T [E, vr, M) so that u\^j^ = u. In the following, 
we consider only vector bundles with paracompact base. 

Aditionally, if {E,Tr,M) € |B^|, T{E,7t,M) = {u eMain{M,E) :uoTr = IdM} 
and T{M) = Man(M,M), then {T {E,Tr, M) ■) is a J" (M)-module. If (<p,<Po) e 
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B'*' {{E, TT, M) , {E', n', M')) such that ifQ G /soMan {M, M') , then, using the operation 
T{M) xr{E',n',M') — ^ T{E',Tr',M') 



it results that (F [E', vr', M') , +, •) is a (M)-module and we obtain the Mod-morphism 

r(£;,7r,M) ^^'"'"'"^ ) r{E',7:',M') 



defined by 

for any y G M'. 

Let M,N e |Man| , /i G /soMan (M, iV) and ?? G IsoMan {N, M). 
We know (see [2,3]) that if {F,v,N) G \B,'^\ so that there exists 

(p, 77) G ((F, z/, AT) , (TM, tm, M)) 

and an operation 

r (F, i^, AT) X r (F, z/, iv) r (f ;a a^) 

with the following properties: 

GLAi. the equality holds good 

/ • ^]f,/i = / ^]f,/i + ^{Thop,hor]) (u) f ■ V, 

for all u,veT {F, u, N) and f e T (N) . 

GLA2. the 4-tuple (t (F, z/, iV) , +, •, [, is a Lie J" (A^)-algebra, 
GLA^. the Mod-morphism F (T/i o p,ho -q) is a LieAlg-morphism of 

(r(F,z.,iv),+,.,[,]^_^) 

source and 

(r (TAT, riv,iV), +,-,[, 
target, then the triple ( [F, v, N) , [, , (p, ??) ) is called generalized Lie algcbroid. 



In particular, if /i = Mm = rj, then we obtain the definition of the Lie algebroid. 
We can discuss about the category GL A of generalized Lie algebroids [2] . 
Examples of objects of this category are presented in the paper [1] . 

Let ((F,z/,Ar),[,]p,^,(p,r/)) be an object of the category GLA. 



Locally, for any a,/3 G l,p, we set [ta,tfi]pj^ = L'^a^t^- We easily obtain that 

y _ _r7 
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The real local functions L'j^p, € l,p will be called the structure functions of 

the generalized Lie algebroid ^{F, v, N) , [, , (p, rj)^ . 



We assume the following diagrams: 



F 
N 




TM 
M 




TN 
N 






y 












(x\^') 



where i,i E l,m and a G l,p. 
If 



(x',^'^)^(x''(x%^'^' {X\z^)), 



and 
then 

and 



^ — J-^a^ ' 

• We assume that {9, ji) =* (T/i op,hon). If G T (F, i/, A^) is arbitrary, then 

T{Thop,ho n) {z'^ta) fihoT] (x)) = 

^^■^^ = (^a^'^^) ° ^ (^)) = ((/^i ° ^) ° ^) (^)) ' 

for any / G J" (iV) and x € N. 
The coefficients p^ respectively 0^ change to p^- respectively 0^- according to the 



rule: 




(2.2) 




respectively 




(2.3) 


- dx' 


where 


, -1 

II all a 



Remark 2.1 The following equalities hold good: 
(2.4) Ao.^=(«!,§)oA.V/.^(iV). 
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and 



(2-5) (n u\(k .\ .\d{p'a°h) 



We have the B"^-morphism 
(2.6) 



TT* {h*F) 

TT* {h*v) ; 

M 



hoir 



F 

^ N 



Let p , Ids) be the B^-morphism of (tt* {h*F) , tt* {h*v) , E) source and {TE, te, E) 
target, where 



TT* (h*F) 



(2.7) 



TT* {h*F) 



TE 



d 



(Z".p>/^ovr)^(^,) 



Using the operation 



T{Tr*{h*F),Tr*{h*u),Ef > T {tt* {h*F) ,Tr* {h*u) , E) 

defined by 

T(s]^*(h*F) = (^1/3 o ^ o tt) T^, 
for any f & (E) , it results that 



(tt* {h*F) , TT* {h*u) ,E),[, ]^,(^,^) , ( ''*%^\ Me 



is a Lie algebroid. 

3 Natural and adapted basis 

We consider the following diagram: 

E (F,[,]j,f^,{p,ri)) 



(3.1) 



M 



where (£^,7r,M) is a vector bundle and ^(F, i^, iV) , [, , (p, 77)^ is a generalized Lie 
algebroid. 
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We take as canonical local coordinates on {E,Tr,M), where i e l,m and 

a € 1, r. Let 



be a change of coordinates on {E,Tr,M). Then the coordinates change to by the 
rule: 



(3.2) 

Let 
(3.3) 



(_d^ _d_\ (q. q \ 



be the natural base of the Lie algebroid {{TE, te, E) , [, ]rj,^ , {IdxE, IdE)) ■ 
For any sections 

Z'^Ta € r (tt* {h*F) , TT* {h*F) , E) 



and 

we obtain the section 



Y''daeT{VTE,TE,E) 



Z'^da + Y'^da =: (r„ © {pi, ohon)di)+ Y'' (0,.(^.^) © 

= z"r„ © (z" (p> /i o tt) + y''^) e r (tt* (^f) © te, tt, . 

Since we have 

z'^da + = 
t 

z^'Ta = A z° (p> /i o tt) + = 0, 

it implies Z" = 0, a €z l,p and 1"" =0, a G l,r. 

Therefore, the sections di, dp, di, dr are linearly independent. 
We consider the vector subbundle {{p,ri)TE, {p,r]) te, E) of the vector bundle 
^vr* {h*F) ffi TE, ir, E^ , for which the (£')-module of sections is the F (£')-submodule 

of (n* {h*F) © TE, n, E^ > ') > generated by the set of sections ^Ba, da^ which is 

called the natural {p,rf)-hase. 

The matrix of coordinate transformation on {{p,r])TE, {p,r]) te, E) at a change of 
fibred charts is 



(3.4) 

We have the following 



A^ohoTT 



dM^'oTT 
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Theorem 3.1 Let {p,IdE) be the Bi^ -morphism of {{p,r])TE, {p,r]) te, E) source 
and {TE,te, E) target, where 



(3.5) 



{p,ri)TE-^TE 

Z'^da + Y'^da^ (z^{pioho7r)di+Y-da) {l 

Using the operation 



T{{p,n)TE, ip,n)TE,Ey 



i(p,r,)TE 



T{{p,ri)TE, {p,ri)TE,E) 



defined by 



(3.6) 



Z'^Ta,Z^T0 



Tr*{h*F) 



{P,V)TE 
{pl,oho7r)Zfd^ + Y,-da, 



o /i o tt) Z^dj + Y^db 



TE 



for any ^Zidce + Yidg^ and (^2^p + ^2*^6^ j obtain that the couple 

{[A{p,ri)TEA~P^IdE)) 

is a Lie algebroid structure for the vector bundle {{p, rj) TE, {p, r])TE,E) . 
The Lie algebroid 

(((P , V) TE, {p, rj) TE, E) , [, ](p,^)T£; , (P, IdE)^ , 

is called the Lie algebroid generalized tangent bundle. 
Remark 3.1 The following equalities hold good: 



(3.7) 



da, dp 

da,dh 

da,db 



{p,ri)TE 



{p,v)TE 



Lip ohoTT-dj 

0(p,r,)TE 







{P,V)TE 



{P,V)TE 

We consider the B'^-morphism {{p,r]) nl, Lds) given by the commutative diagram 



{p,ri)TE^-^TT* {h*F) 



(3.8) 



{p,v)'rE 



pri 



ids 

E ^E 



This is defined as: 



(3.9) 



{p, r/) tt! + (u^) = {Z'^Ta) {u^) , 
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for any Z'^d^ + Y^da G V ((p, r?) TE, (p, 77) r^, £;) 



Using the B"^-morphisms (2.6) and (3.7) we obtain the tangent (p,r])- application 
((p, 7]) Ttt, ho it) of ((p, rj) TE, (p, ry) te, E) source and (F, u, N) target. 
Definition 3.1 The kernel of the tangent (p, 77)-apphcation is written 

{V{p,r])TE,{p,r])TE,E) 

and it is called the vertical subbundle. 

We remark that the set Ida, a G 1, r > is a base of the (i?)-module 



{riVip,ri)TE,{p,n)TE,E),+,-). 
Proposition 3.1 The short sequence of vector bundles 



QC ^ V{p, ri)TE^^ (p, ri}TE ^ tt* {h*F) ^ 



(3.10) 



E- 



Me 



Me 



-^E 



Me 



■E 



is exact. 

Let (p, 77)r be a (p, ?7)-connection for the vector bundle(£^, tt, M) , i. e. a Man- 
morphism (p, 77) F of (p, 77) TE source and V (p, 77) TE target defined by 



(p, ri) r Z^da + (u^) = (F« + (p, ri) T^Z^) da (u^) , 



(3.11) 



so that the B"^-morphism {{p,ri)r,IdE) is a split to the left in the previous exact 
sequence. Its components satisfy the law of transformation 



(3.12) 



(p, 77) r«:=M>7r[p^o (/iOTT) ^^y''+ (p, r/)r«l AZx> (hoTT). 



The kernel of the B'^-morphism ((p, 77) F, Ide) is written (i? (p, 77) TE, (p, 77) rg, E) 
and is called the horizontal vector subbundle. 

Wc remark that the horizontal and the vertical vector subbundles are interior dif- 
ferential systems of the Lie algebroid generalized tangent bundle, (see [4]) 

We put the problem of finding a base for the (i?)-module 

ir{H{p,n)TE,{p,n)TE,E),+,-) 

of the type 

~S^ = Z^da + Y^da,aeT;? 
which satisfies the following conditions: 

r{{p,r,)Tr\,idE)(6a) = 

(3-13) X ( 

F((p,77)F,IdE)(<5„ = 0. 
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Then we obtain the sections 



(3.14) sh = da- (P, V) Kda = T« e /i o tt) 5, - (p, 7?) T-da) . 

such that their law of change is a tensorial law under a change of vector fiber charts. 
The base (^a,da^ will be called the adapted {p,ri)-base. 
Remark 3.2 The following equality holds good 



(3.15) 



r (p, Me) {Sa) = {pl,oho7r)di- {p, r,) T-Ja. 



Moreover, if (p, rj) V is the (p, r7)-connection associated to a connection V (see [1] ) , 
then we obtain 



(3.16) 



T{p,IdE) Ua) = (p^ o/iott) 5i, 



where {^i, dg^ is the adapted base for the F (£^)-module (F {TE, te, E) , +, •) 
Theorem 3.2 The following equality holds good 



(3.17) 
where 



- r7 



{P,V)TE 



Lis o{ho7r) 6^ + {p,rj,h)R\s9a, 



(3.18) 



(p, r?, h) = r (p, Me) (5/3 j ((p, r/) ) 

-r (p, Me) (h) ((p, v) r^) + (i^I^ oHott) (p, 77) r», 

Moreover, we have: 



(3.19) 

and 
(3.20) 



(p,7j)TE 



= r(p,/d^;) 4 ((p,r/)r«)a„, 



r{p,IdE) Sa,S 



{p,n)TE 



r{p,ME){~5a),rip,ME){~s^ 



TE 



Let (^dz°',dy^) be the natural dual (p, ?7)-base of natural (p, 77)-base | da, da 
This is determined by the equations 



'dr,d0)=O, (dy%d,^=5l. 
We consider the problem of finding a base for the F (£^)-module 



{T{{V{p,rj)TE)\{{p,rj)TE)\E),+,.) 
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of the type 

which satisfies the foUowing conditions: 



(3.21) (^5r,daj = lA[Sr,Sa)=0. 

We obtain the sections 

(3.22) dy"" = ip,r])ryz'' + dy'',a£T~n. 

such that their changing rule is tensorial under a change of vector fiber charts. The 
base {dz",6y^) will be called the adapted dual {p,r])-base. 

4 The lift of a differentiable curve 

We consider the following diagram: 

E iF,[,]F,h,{p,v)) 



(4.1) 



M 



where (^,7r,M) G |B^| and (^{F,u,M) ,[,]p,^,{p,ri)j G |GLA| . 

We admit that {p,rj)T is a (p, 77)-connection for the vector bundle {E,Tr,M) and 
/ A M is a differentiable curve. We know that 

{E\ Im(r?ofeoc) > TT] Im{r?o/ioc) , Im (r/ O /i O c)) 

is a vector subbundle of the vector bundle {E,7r,M) . 
Definition 4.1 If 

T ^ ) p 
^ ' ' t ^ y''{t)sa{r}ohoc{t)) 

is a differentiable curve such that there exists g G Man {E, F) such that the following 
conditions are satisfied: 

1. (5, h) e {{E, TT, M) , {F, u, N)) and 

d(r] o h o cY (t) d , s , , 

2. pogoc{t)= ^' Q^i {in°ho c) (t)) , for any t € /, 

then we will say that c is the {g,h)-lift of the differentiable curve c. 
Remark 4-1 The condition 2 is equivalent with the following affirmation: 
(4.3) Pl^ivohoc (t)) -g^ihoc (t)) • y- {t) = W , ^ e i;^. 
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Definition 4.2 If / 4 -©i im(^o/ioc) ^ difFerentiable {g,h)-\ift of the differen- 
tiable curve c, then the section 

^44) Im(r7o/ioc) E^im{r,ohoc) 

rjo ho c{t) I — > c (t) 

will be called the canonical section associated to the couple (c, c) . 

Definition 4.3 If {g, h) G B'^ {{E, tt, M) , (F, N)) has the components 

g2;a G l,r, a G l,p 

such that for any vector local (n+p)-chart {V^tv) of {F,i/,N) there exists the real 
functions 

V — M ; a G hr, a ^l~p 

such that 

(4.5) ~gi{H)-g'^{H) = 5l 

for any x G F, then we will say that the 'S^ -morphism {g, h) is locally invertible. 

Remark In particular, if {IdTM , IdM , IdM) = (p, ??, ^) and the B'^ morphism 
{g,IdM) is locally invertible, then we have the differentiable {g, IdM)-^iit 

I TM 

(4-6) . ^ ^ dc^ (t) d , , ■ 

Moreover, if g = IdxM, then we obtain the usual lift of tangent vectors 

/ TM 
(4-7) dc^{t) d 



dt dx 



jicit)) 



Definition 4.4 If / im(??o/ioc) ^ differentiable {g, /i)-lift of differentiable 

curve c, such that its components functions (y", a G are solutions for the differen- 
tiable system of equations: 

(4.8) ^ + {p,r])r%ou{c,c)o{r]ohoc)-g^ohoc-u^ = 0, 

then we will say that the {g,h)-lift c is parallel with respect to the {p,rj)- connection 

(p,??)r. 

Remark 4-3 In particular, if {p,ri,h) = {IdTMiIdM,IdM) and the B^ morphism 
{g,IdM) is locally invertible, then the differentiable (5, /(iTM)-hft 

I TM 
(4-9) . / . dcA d 



is parallel with respect to the connection T if the component functions 

[g)oc-^, iel-nj 
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are solutions for the difFerentiable system of equations 
(4.10) ^+riou{c,c)oc-g'^oc-u'' = 0, 

namely 

, , , , dc^ (t) ' 



Moreover, if g = Mtm, then the usual lift of tangent vectors (4.6)' is parallel with 
respect to the connection F if the component functions j € 1,?^^ are solutions for 

the differentiable system of equations 

(4.11) ^ + r|ou(c,c)oc-u'= = 0, 

namely 

5 Remarkable Mod-endomorphisms 

In the following we consider the diagram: 



M 

where {E, vr, M) G |B"^| and ^(F, i^, N) ,[,]pf^, (/?, rj)^ is a generalized Lie algebroid. 

Definition 5.1 For any Mod-endomorphism e of F ((p, rj) TE, (p, 77) te, E) we de- 
fine the application of Nijenhuis type 

T{{p,7i)TE,{p,7i)TE,Ef T{{p,v)TE,{p,r^)TE,E) 

defined by 

iVe (X, Y) = [eX, eY]^j.j, + [X, Y^j.^ " e [eX, Yj^j.^ - « [X, e^l^TB , 
for any X,Y e I{{p,ri)TE,{p,ri)TE,E). 

5.1 Projectors 

Definition 5.1.1 Any Mod-endomorphism e of T {{p,r])TE,{p,r] )te,E) with the 
property 

(5.1.1) 6^=6 
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will be called projector. 

Example 5.1.1 The Mod-endomorphism 

T{{p,n)TE,{p,n)TE,E) T{{p,n)TE,{p,n)TE,E) 

is a projector which will be called the vertical projector. 

Remark 5.1.1 We have V {^a^ = and V ~ ^o-' Therefore, it follows 

V [da) = {p,r,)Vlda. 
In addition, we obtain the equality 

(5.1.2) r ((p, T,) r. Me) (z^da + Y'^da) = V (z^da + Y-da) , 



for any Z^B^ + Y^da G T {{p, rj) TE, {p, rj) te, E) . 

Theorem 5.1.1 A {p .,7]) -connection for the vector bundle {E,Tr,M) is character- 
ized by the existence of a Mod-endomorphism V of T {{p,r])TE, {p,r]) te, E) with the 
properties: 

^ ' ' ' ViX) = X^X er{V{p,ri)TE,{p,n)TE,E) 

Example 5.1.2 The Mod-endomorphism 

riip,7])TE,{p,r])TE,E) ^ T{{p,r^)TE,{p,7])TE,E) 

Z'^Sa + Y'^da ^ Z<'~6a 

is a projector which will be called the horizontal projector. 

Remark 5.1.2 We have % {^oi^ and H(5a)=0. Therefore, we obtain T-L {da^ =^a- 
Theorem 5.1.2 A (p, 7]) -connection for the vector bundle {E,tt,M) is character- 
ized by the existence of a Mod- endomorphism % of F ({p,r])TE,{p,r])TE,E) with the 
properties: 

^ ■ ■ ^ niX)=X eT{H{p,r])TE,{p,r])TE,E). 

Corollary 5.1.1 A {p,rf)- connection for the vector bundle {E,Tr,M) is character- 
ized by the existence of a Mod-endomorphism % of T (^{p,r])TE, {p,r]) te, E) with the 
properties: 

n^ = n 

^^'^'^^ Ker in) = (r {V {p, v) TE, {p, r?) te, E) ,+,•)• 

Remark 5.1.3 For any X G F ((p, rf) TE, {p, rj) te, E) we obtain the unique decom- 
position 

X = HX + VX. 
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Proposition 5.1.1 After some calculations we obtain 

(5.1.6) ATv {X, Y) = V [HX, = Nn {X, Y) , 

for any X,Y eT {{p, ry) TE, {p, ry) te, E) . 

Corollary 5.1.2 The horizontal interior differential system 

{Hip,7])TE, {p,r])TE,E) 

is involutive if and only if Ny = or Ny_ = 0. 

5.2 The almost product structure 

Definition 5.2.1 Any Mod-endomorphism e of F {{p,r])TE,{p,r] )te,E) with tlie 
property 

(5.2.1) = Id 

will be called the almost product structure. 
Example 5.2.1 The Mod-endomorphism 

r{{p,r])TE,{p,v)rE,E) F ({p,r])TE, {p,7j) te, E) 

Z"6a + Y'^da ^ Z^da - Y^Ba 

is an almost product structure. 

Remark 5.2.1 The previous almost product structure has the properties: 

V = {2n- Id) ; 

(5.2.2) v = {Id- 2V) ; 

7? = (H - V) . 



Remark 5.2.2 We obtain that V = and V [da] = —da- Therefore, it 
follows 



Theorem 5.2.1 A [p,r]) -connection for the vector bundle {E,Tr,M) is character- 
ized by the existence of a Mod-endomorphism V of F {{p,r])TE, {p,rj) te, E) with the 
following property: 

(5.2.3) V{X) = -X^XeF{V (p, rj) TE, {p, r?) te, E) . 

Proposition 5.2.1 After some calculations, we obtain 

N-p{X,Y) = AV[nX,'HY], 

for any X,Y eF ((p, ??) TE, {p, ri) te,E) . 

Corollary 5.2.1 The horizontal interior differential system {H (p, rj) TE, (p, rj) te, E) 
is involutive if and only if N-p = 0. 
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5.3 The almost tangent structure 

Definition 5.3.1 Any Mod-endomorphism e of {T{{p, r))TE, {p, r))TE, E) with the prop- 
erty 

(5.3.1) = 

will be called the almost tangent structure. 

Example 5.3.1 If (E,7r,M) = {F,i^,N), g G Man{E,E) such that {g,h) is a 
locally invertible B^-morphism, then the Mod-endomorphism 

T{{p,n)TE,{p,r,)TE,E) ^ r{{p,r,)TE,{p,rj)TE,E) 

Z^la + y^dk ^ (5^o/i0 7r)Z»96 

is an almost tangent structure which will be called the almost tangent structure associ- 
ated to the W -morphism, {g,h). (See: Definition 4-3) 
Remark 5.3.1 We obtain that 

J{g,h) (Sa) = J{g,h) (da) = {9a ° h o tt) and J^g^h) (db^ = 0. 
and we have the following properties: 





= •^{9,hy^ 




= -^{9,h) 


J(g,h) n 


= '^i9,hy^ 




= 0; 




= 0; 




= '^{9,hy' 




= 0. 



6 Tensor d-fields. Distinguished linear (/?, 77)-connections 

We consider the following diagram: 

IT V 

M 

where {E,Tr,M) G |B"^| and (^{F,i/,N) , {p,'ri)^ is a generalized Lie algebroid. 

Let 

{T^^;{{p,ri)TE,{p,n)TE,E),+,-) 
be the T (£^)-module of tensor fields by (q,'s)-type from the generalized tangent bundle 

{H {p, r?) TE, {p, ij) TE, E) © {V {p, ij) TE, {p, ij) te, E) . 



16 



An arbitrarily tensor field T is written as 

O ... 4. ® (^y^' ... O Sy^"- 

Let 

(T ((p,r/)r^,(p,r/)Tij, £;),+, -,05) 

be the tensor fields algebra of generalized tangent bundle ((p, rj) TE, (p, rj)TE,E). 

If Ti G 7l%'{{p,rj)TE,ip,ij)TE,E) and T2e7Z%7 i{p,v)TE, ip,rj)TE, E), then the 
components of product tensor field Ti (g) r2 are the products of local components of Ti 
and Ts. 

Therefore, we obtain Ti G T^V'^ga'iiSa' ((P' ^) (P' ^) ^) • 
Let VT{{p, ri)TE, (p, rfjTE, E) be the family of tensor fields 

TeT{{p,v)TE, {p,ri)TE,E) 

for which there exists 

Ti e 7^^((p,77)rS, (p,77)te,£;) and r2 G ((p, 77)TE, {p,r])TE,E) 

such that T = Ti +r2. 

The J" (£;)-module {VT {{p,r])TE,{p,r])TE,E) ,+,■) will be called the mociuie o/ 
distinguished tensor fields or the module of tensor d- fields. 
Remark 5.1 The elements of 

T{{p,7i)TE, {p,v)rE,E) 

respectively 

r{{{p,7j)TEy,{{p,n)TEr,E) 

are tensor d-fields. 

Definition 6.1 Let {E,tt,M) be a vector bundle endowed with a (p, ry)-connection 
(p, rj) r and let 

(6.1) {X,T)^-^{p,rj)DxT 

be a covariant (p, r7)-derivative for the tensor algebra of the generalized tangent bundle 

{{P,V)TE, {p,v)rE,E) 

which preserves the horizontal and vertical IDS by parallelism. 
The real local functions 

((p, ri) H1^, (p, r?) H^, (p, r?) V^,, (p, r?) 

defined by the following equalities: 

(p, r/) 5^ = (p, r/) (p, v)D-Jb = {p, V) 

9c 9c 
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are the components of a linear (p, 77)-connection 

{ip,V)H, ip,ri)V) 

for the generahzed tangent bundle ((p, rj) TE, [p, r])TE,E) which will be called the dis- 
tinguished linear {p^rf)- connection. 

If h = Mm, then the distinguished linear {IdxM, /dM)-connection will be called the 
distinguished linear connection. 

The components of a distinguished linear connection (H, V) will be denoted 

(-^jjfc' ^bki yjci ^bc) ■ 

Theorem 6.1 // {{p,r])H, {p,r])V) is a distinguished linear {p,r])- connection for 
the generalized tangent bundle {{p,r])TE, (p,r]) te, E), then its components satisfy the 
change relations: 



(6.3) 



+ 



(p, ri) Hf^- = Ag' o /i o TT ■ [r (p, Me) {l^) (a^ o /i o tt) 
+ (p,r/) H'^^ • A^o /i o tt] • hoTT, 

(p, 7?) H^. = o TT ■ [r (p, Me) (^) (M- o tt) + 
+ {p,ri)H^-M^,o7r\ -A^ohon, 

(p, r?) V^- = A°.o /i o TT ■ (p, r?) ■ Ag-o o TT • o tt, 
(p, 77) V^. = MS o TT • (p, r?) V," • M^. o TT • o tt. 

T/ie components of a distinguished linear connection {H, V) verify the change rela- 
tions: 



(6.3)' 



77* 



^b-k' 



VI. 

JC 



At' 



6 

5x^ 



' dxf 



O TT 



M^OTT 



Ox' 



— {Mgon)+HS,,-Mlo7r 

O TT • V-^-^. O TT • O TT, 



- O TT, 



dx^ 



- O TT, 



Example 6.1 If {E,Tr,M) is a vector bundle endowed with the (p, r/)-connection 
(p, ?7) r, then the local real functions 



(6.4) 



{ ayl> ' dyl> '^'^j 



are the components of a distinguished linear (p, 77) -connection for ((p, 77) TE, (p, 77) te, E) , 
which will by called the Berwald linear {p, ij)- connection. 

The Berwald linear (IdTM, -fc?M)-connection will be called the Berwald linear con- 
nection. 
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Theorem 6.2 If the generalized tangent bundle ([p,ri)TE,(p,rj)TE,E) is endowed with 
a distinguished linear {p,r]) -connection {{p,r])H, {p,r])V), then, for any 



X = Z^~Sa + Y^da € riip,rj)TE,ip,r^)TE,E) 

and for any 

TeT^:ip,ri)TE,{p,7i)TE,E), 

we obtain the formula: 



where 



and 



bi 



... (g> Sy^" = 



= Z^To gjl I. 1.0, 



/3i.../3„fei...6,|7"^«i 



® dz^-^ ® ... ® dz^" (g) da^ (8) ... (g) da^ (g) (g ... (g (5y' 



j-,ai...apai...ar -n /- tj \/r \ rnai---apai--.ar 

r,\ TTairpaa2...apai...ar , ( ^ „\ TTaprpai...ap-iaai...ar 

+ [P,V) ^aj'^0^...0^bi...bs + ••• + yP^^) ^"7^/3,.../3^6i...fe, 

I'/i fT"'^ rpai...apai...ar / \ rr/S ^a:i...apai...ar 

-L TTairpai...apaa2-ar , i ('„ „\ o-a,.T-."i---apai-«r-ia 

+ (P. ^) ^a4^^i...^,6i...6, + - + (P' ^) ^a7^^i...^,&i...6. 

FT"^' 7-.ai---Qpai---<ir _ _ f „ „\ trb rj-,ai...Opai...ar 



+ (P, y-T;-;,;,^x" + - + ^) ^;::;;;!.r---"- 

+ iP, V) v£^t;-:;^C.C + - + (p- v) y:^n^:;^-:z-'^- 

-(n nW' rpai...apai...ar _/ s^yb j^ai . . .apai . . .ar 
IP' ^) %c-'/3i.../3q662...&s---- *>P' ^6sC-'/3i.../3g&i...&^_i6- 

Definition 6.2 We assume that {E, tt, M) = (F, u, N) . 

If (p, ry) r is a (p, r7)-connection for the vector bundle {E, tt, M) and 



(p, ry) i^S,, (p, ry) (p, 77) ^"e, (P> ^) He 

are the components of a distinguished hnear (p, 77) -connection for the generaUzed tangent 
bundle ((p, r?) T£', (p, ri)TE,E) such that 

(p, r?) = (p, r?) HSc and (p, r?) = (p, r?) F,",, 
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then we will say that the generalized tangent bundle ([p,ri)TE, {p,r])TE,E) is endowed 
with a normal distinguished linear {p, rj)- connection on components {{p, vj) H^^, (p, rj) V^J. 
The components of a normal distinguished linear [Mtm, I dM)-connection {H,V) 

will be denoted (h'.^, Vjj\ . 



7 Mechanical systems 

We consider the following diagram: 

E 



(7.1) 



M- 



where (^{E, tt, M) , [, J^; , (p, is a generalized Lie algebroid. 
Definition 7.1 A triple 



(7.2) 

where 

(7.3) 



i{E,7r,M),Fe,{p,ri)T). 



F, = F-^er{V (p, v) TE, (p, r/) te, E) 



is an external force and {p,r])r is a (p, ?7)-connection for the vector bundle {E,7r,M), 
will be called mechanical (p, rj) -system. 

Definition 7.2 A smooth Lagrange fundamental function on the vector bundle 



{E,Tr,M) is a mapping E 



which satisfies the following conditions: 



1. LoueC^ (M), for any G r {E, tt, M) \ {0}; 

2. L o G C° (M), where means the null section of {E, tt, M) . 

Let L be a Lagrangian defined on the total space of the vector bundle {E, vr, M) . 
If {U, su) is a local vector (m + r)-chart for [E, vr, M), then we obtain the following 
real functions defined on tt"^ (U): 

put d'^L put d 



(7.4) 



put dL put 9 



d_ 
d 



J. put dL put d , , put d^L put O 



Definition 7.3 If for any vector local m + r-chart {U, su) of {E, vr, M) , we have: 
(7.5) rank \\Lab {ux)\\ = r, 

for any G vr"^ (U) \ {Ox}, then we will say that the Lagrangian L is regular. 

Proposition 7.1 If the Lagrangian L is regular, then for any vector local m+r -chart 
{U,su) of (-E, TT, M) , we obtain the real functions L"^ locally defined by 



(7.6) 



TT-l {U) 



L-^ («,) 
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where 



L"'' (u^) = \\Lab K)|rS for any G Tr"! (C/) \{0a.} . 



Definition 7.4 A smooth Fmsler fundamental function on the vector bundle {E, tt, M) 
is a mapping ii^ — > which satisfies the following conditions: 

1. F o n G (7~ (M), for any ?i G T vr, M) \ {0}; 

2. F o G C'' (M), where means the null section of (F, vr, M); 

3. F is positively 1-homogenous on the fibres of vector bundle (F, vr, M) ; 

4. For any vector local m + r-chart {U^ su) of (F, tt, M) , the hessian: 

(7.7) im^K)!! 

is positively define for any Ux G 7r~^ (C/) \ {Ox}. 

Definition 7.5 If L (respectively F) is a smooth Lagrange (respectively Finsler 
function), then the triple 

((F, TT, M) , Fe, L) ( respectively ((F, tt, M) , Fe, F)) 

where Fg = F"'-^z^ G T (F (p, jy) TF, (p, r]) te, E) is an external force, is called Lagrange 

mechanical {p,rf)- system and Finsler mechanical {p,r])- system, respectively. 

Any Lagrange mechanical (IdTM, -^dM)-system and any Finsler mechanical 
(Id-TM, -^c?M)-system will be called Lagrange mechanical system and Finsler mechanical 
system, respectively. 

8 (p, 77)-semisprays and (p, 77)-sprays for mechanical (p, rf)- 
systems 

Let ((F, vr, M) , Fg, (p, 'r?)r) be an arbitrary mechanical (p, r/)-system. 

Definition 8.1 The vertical section C=y''5awill be called the Liouville section. 

A section S eT {{p,r]) TE, (p, r])rE,E) will be called (p, rj)-semispray if there exists 
an almost tangent structure e such that e (S") = C. 

Let g G Man (F, F) be such that {g, h) is a locally invertible B"^-morphism of 
(F,7r,M) source and target. 

Theorem 8.1 The section 

(8.1) S = {gloho tt) y^-^ - 2 (G« - iF«) a„ 

«s a {p,ri)-semispray such that the real local functions G", a G l,n, satisfy the following 
conditions 

(p,r/)r» =(5;;o/iovr)^^i^^^ 

-\{gioho^)y^L{^{gJoho^ 

+ \(f^.oho.)'-i^y^igloho.) 



-\{glohon)y^ (plohon)'-^^^ 



21 



In addition, we remark that the local real functions 



i{g^oho7r) y-Llig-ohoTT) 



(8.3) 



+ 



'{glohon)y^ {pi o h o ^) 'Js^ 



are the components of a {p^rj)- connection {p,r])r for the vector bundle {E,7r,M). 

The (p, ry)-semispray S will be called the canonical {p, r])-semispray associated to me- 
chanical {p, rj)-system {{E, tt, M) , Fg, {p, rj) V) and from locally invertible -morphism 
{9,h). 

Proof We consider the Mod-endomorphism 

T{{p,n)TE,{p,n)TE,E) T{{p,n)TE,{p,n)TE,E) 

^ ' ^ ^ :9,h) ^] {p,rt)TE - ^ \9.h)^\ {p,r{)TE ' 

Let X = Z"'da + Y"-da be an arbitrary section. Since 



[S,X]^p,r,)TE = {gtohon-y')da,Z% 



(P,V)TE 



+ 



2(G''--F'']da,Z'db 



J {p,v)TE 



{g2oho7r-y'')da,Y% 



2 { G-" - -F'' ] da,Y'db 



(P,V)TE 
- {P,V)TE 



and 



(g^ohoTT- y^) da, Z% = {gl o h o tt) y^pl o h o -^8, 



{p,v)TE 



-Z yploho vr j y'^dc 



+ {g'iohoT,)y-Z^Ll^d, 



{g^oho7r-y^)da,Y% 



OY' 



J {p,v)TE 



{g^oho tt) y^ {p^oho tt) -^d, 



-Y'gtd^ 



2( G'^--FMa„,Z''a 



J (p,ri)TE 



-2Zy,ohoTT ^^^\'~^^''> dc 



2(G«-iF") da,Y% 



J {p,r,)TE 



d (g" - -F" 
2 (G" - \F'^) - 2Y^ ^ ^ Oe, 
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it results that 



^{9,h) ^] {p,v)TE ={9e°ho7T) {pi o h o n) (g'^ o h o tt j da 



d{g^o hoir) 



iPi) 



+ {gl ohon) y'Z'Ll, {gf o /i o tt) 5, - V'da 



Since 



{gloho'K)y'da.Z\glohon)d, 



ip,v)TE 



2(G«--F»)9„,Z''a^o/i07r)9c 



J {p,v)TE 



and 

{g^oho7r)y^da,Z^{g^oho7T)d, 



BZ / \ 
-Z''dd + {gtohoT,)y- (pioho7r)-^(gtoho7r) 



(P,V)TE 



2[G''--F'')da,Z' {glohoT:)d, 



it results that 



(5e"o^o7r)y« (pLo^ott) 



d{g^ohoTr)~ 



dd, 



{P,V)TE 



dy" 



{P2) 



^i9A)^] ip,r,)TE = -Z'^, + {g: oho^)f {pl ohon^ 

-igtoho.)y^ploho.)Z^'J^t^d, 



dy" 

gfohoTT^dd 



dy" 

Using equalities (Pi) and (-P2), we obtain: 

Z'^da + Y'^da] = Z'^da - Y'^Bd + {gt o h o tt) y^Z^L^^ {gi ohon)~dd 
-Z^ [do ho tt) ^^S^ye (^gd ohon)d, 
+ {gtohon)y^{plohon)Z^'J^d, 
-Z^ialoho^f-^^^^da 
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After some calculations, it results that P is an almost product structure. 
Using the equalities (5.1.2) and (5.2.2) it results that 



Z-da + Y^daj ={Id-2 (p, n) T) [Z-da + Y^daj , 

for any Z^da + Y^da G T ((p, r?) TE, {p, 'n)TE,E) and we obtain 

(p, v) r (^Z-da + Y-da^ = Y'^dd -\{gtoho 7r) y^Z^L^^ ohoTr)dd 

-\{gtoho.)y^{f^^oho^)Z^'M^Ba 

Since 

(p, r?) r (^Z-da + Y-d}j = [Y'^ + (p, r?) T^Z'') ba 
it results the relations (8.3). In addition, since 

1 BE"" 
(p,r/)C = (p,r?)C + -5fo/i0 7r^ 

and 

(p,77)f^: =(p,^)r^:+-5;;;o/io^^ 

p',o^o7r-^/+(p,r?)rMM^o^o7r 

(1 dF^ \ 

-glohoTT.-^jM^ohoTr 

(BM"' / 1 BV^W 

PlohoTT ■ -gj-y''+ [{p,v)K + fgcOhoTT ■ J M^ow 

PcOhoTT ■ -^y"' + (p, r?) J M^o/iovr 

it results the conclusion of the theorem. q.e.d. 

Remxirk 8.1 If (p, r/) = (IdTM ■ IdM), {g,h) = (IdE, IdM), and ^ 0, then wc ob- 
tain the canonical semispray associated to connection T which is not the same canonical 
semispray presented by I. Bucataru and R. Miron in [5]. 

In particular, if (p, 77) = (/^tm, -^c^m), (5,^) = {IdE, IdM), and -Fe = 0) then we 
obtain the classical canonical semispray associated to connection V. 

Using Theorem 8.1, we obtain the following: 

Theorem 8.2 The following properties hold good: 

o 

1° Since 5c = dc — (p, rf) V^da, c G 1, r, it results that 

(8.4) ~5c = 5c-\~glohoT,-^da, cgT;7. 
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2° Since 6y"- = {p,r]) Vldz" + dy", it results that 

(8.5) °5r = Sr + 35c' o h o TT^dz'^, a G T;7. 
Theorem 8.3 T/te real local functions 

(8.6) (^,^,0, 0),a,6,cGT;7, 
and 

(8.6)' (^,^,0, 0),a,6,cGT;7, 

respectively, are the coefficients to a normal Berwald linear {p,ri) -connection for the 
generalized tangent bundle ((p, r]) TE, {p, r])TE,E). 

Theorem 8.4 The tensor of integrability of the {p^rj)- connection {p,r])T is as fol- 
lows: 

{p, r,, h) = (p, h) Kd +-^[91° ho TT^^^ --gloho 

dFKf , d^F"- . , dFK^ , d'^F"' 



(87) 1 f~e , dF\f ^ a^F" r , aFVg , 92 ^« \ 



where |c is the h-covariant derivation with respect to the normal Berwald linear (p, r?)- 
connection (8.6). 
Proof. Since 



and 



(p, 77, h) = r (p, Me) [5,j ((p, r/) f - T (p, /d^) (^^^j ((p, r?) f 
+L^,o/io(/io7r) (p,r/)f-, 



r (p, Ids) (^5e) ((p, ^7) f 2) = r (p, Me) {5c) Hp, v) n) 

+lTip,ME) (Sc) l^rdoho.. 



dF" 

TT- 



1 ,e dFf d / g ^ SF'^ 

^9c°hoTr—--—. [g^ohoTT 



16'"' dy^ dyf V dy^ J ' 

r (p, Ide) (^i j ((p, r;) f") = r (p, /de) (j^) ((p, r/) H) 

1 / \ ( dF 



25 



Ll,ohoTr-{p,ri)rt = L^^o h o n ■ {p,v)K 



hon-i^giohon^j 



it results the conclusion of the theorem. q.e.d. 

Proposition 8.1 // S is the canonical {p,rj)-semispray associated to the mechanical 
{p,ri)-system {{E,tt,M) ,Fe,{p,r])r) and from G^-morphism {g,h), then 

(8.8) 2G« = 2G"M,«' o h o n - {g^ o h o n)y'' {plo h o 7:) ^. 

Proof. Since the Jacobian matrix of coordinates transformation is 



M" ohoTT 







dW' O TT 

Pl°{ho7r)—^—y'' M«o7r 



M^ohoTT 



and 



M^'ohoTT 



{g^ohon) y" 
-2 I G« - ^F"" 



-2 ( G« - ^F" 



q.e.d. 

M and its {g, h)-liit c. 



the conclusion results immediately. 

In the following, we consider a differentiable curve / 
Definition 8.3 If it is verifies the following equality: 

(8.9) m = rip,IdE)Sic{t)), 

then we say that the curve c is an integral curve of the {p, rj) -semispray S of the me- 
chanical {p,ri)-system {{E,7r, M) , Fe, {p,r])T), 

Theorem 8.5 All {g,h) -lifts solutions of the equations: 



(8.10) 



dt 



+ 2G"ou(c, c) {x (t)) 



:iF"ou(c,c) (x (i)), aGl,r, 



where x (t) = [r] oho c) (t) , are integral curves of the canonical [p, r]) -semispray asso- 
ciated to mechanical {p,r])-system {{E,7r, M) , Fg, [p,r])T) and from locally invertible 
W -morphism {g,h). 

Proof. Since the equality 

'^ = r{pjdE)S{c{t)) 

is equivalent to 

±{{r,ohocy{t),y^{t)) 



= [plor,oho cm ° h o c{t)y\t), -2 - -F'^ ] {{v o h o c)*(t), y«(t)) , 



it results 



+ 2G'^ (x' (t) , y« (t)) = (x' (t) , y<^ (i)) , a G 1, n, 



dx^ (t) 
dt 



= plo7]ohocit)g^ohocit)y'' (t) ^ 
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where ,T* (t) = (rj o h o c)* (t). q.e.d. 
Definition 8.4 If 5" is a (p, r/)-semispray, then the vector field 

(8.11) [C,S\,,,^TE-S 

will be called the derivation of {p,r])-semispray S. 

The (yo, r7)-semispray S will be called {p,r]) -spray if the following conditions are 
verified: 

1. 5 o G C'^, where is the null section; 

2. Its derivation is the null vector field. 

The ?7)-semispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 

1. S" o € C^, where is the null section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idrM, IdM) and {g,h) = (Me, Mm) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

Theorem 8.6 // S is the canonical {p,ri) -spray associated to mechanical {p,rj)- 
system {{E,Tr, M) , Fg, (p,r])r) and from locally invertible ^"^-morphism {g,h), then 



2(G«-iF») =(p,7?)r«(^5^o/io^jy/ 

+ i [gioho tt) (L^^ o ho -k) {g^ o h o -k) {g'j o ho -k^ yf 
-\ (^p'coho vr^ ^^^^^^—-y" {gtoho tt) (^gjoho vr^ yf 
U9'e°ho^)y^ ^ploho^)^iS^(^gjohon) yf 



+ 2 



(8.13) 



We obtain the spray 

S ={g^oho tt) y% - (p, rj) T" (^gjoho tt) yf da 

-\ {gi^ho tt) y" {L\^ oho7r){g^ohoTr)(^g'johoTr^ yfda 
+ i (p^-Ziovr) '-i^^y^g-ohon) [gjohon) yf 'da 
-\{gloho tt) [ploho ^iS^ ^gcoho n) yfda 

This spray will he called the canonical {p,r]) -spray associated to mechanical system 
{{E, TT, M) , Fg, (p, rj) r) and from locally invertible 'S^ -morphism {g, h). 

In particular, if {p,r]) = {idTM , IdAi) and {g,h) = {IdE, IdM) , then we get the 
canonical spray associated to connection T which is similar with the classical canonical 
spray associated to connection T. 

Proof. Since 



[C,S] 



{P,V)TE 



y"'da, [gloho-K- y^) db 



- 2 

ip,ri)TE 



y'^da, (G" - iF") 4 



J {p,v)TE 
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and 



J {p,r,)TE 



J {p,v)TE 



it results that 



Using equality (8.3), it results that 



+ 2 ( - -F" 



{S2 



d - iF") , , ( \ 
yf ={p,v)r-c[9}ohoTr) 

-\ [g^oho tt) t/^ (L^^ o h o tt) {g^ o h o tt) (^g'j: o h o TT^ 

^^ploho vr) {gt°ho tt) (^gjoho vr) 



.1 I .3 



Using equalities (Si) and {S2), it results the conclusion of the theorem. q.e.d. 
Theorem 8.7 All {g,h) -lifts solutions of the following system of equations: 

dy" 



.14) 



^ + (p,7?)r? (s^o/iovr) yf 

+ \ {gi^ho tt) (^L^^ o /i o tt) (5^ o /i o tt) (5^ o /i o tt) y^ 

-\{p'c°hoT:) ^i^^^A^ye o /l O tt) {g} O h O Tt) J/-^ 

+ ^(^^/^o^) {Ploho^) ^ ° ^^ g^ o vr) = 0, 

are the integral curves of canonical {p,ri) -spray associated to mechanical (p,ri)-system 
{{E, TT, M) , Fg, (p, ij) r) and from locally invertible -morphism {g, h) . 



9 A Lagrangian formalism for Lagrange mechanical {p, rj)- 
systems 

Let ((£■, TT, M) ,Fe,L) be an arbitrarily Lagrange mechanical (p, ?7)-system. 

Let {dz°',dy°') be the natural dual {p,rj)-base of the natural (p, ry)-base I da, da I • 



It is very important to remark that the 1-forms dz°-,dy"-, a G l,p are not the 
differentials of coordinates functions as in the classical case, but we will use the same 
notations. In this case 

{dz") 7^ d^P^'^^^^ {z") , 
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where Sp^'^)'^^ is the exterior differentiation operator associated to exterior differential 
F (£?)-algebra 

(A((p,?7) TE,{p,r,)TE,E),+,■,^). 

Let L be a regular Lagrangian and let (5, h) be a locally invertible B"^-morphism of 
{E,'K,M) source and target. 
Definition 9.1 The 1-form 

(9.1) ^L = (^^o/io7r-Le)d5« 

will be called the 1-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible G^-morphism {g,h). 



We obtain easily: 

_ _ ~_ 0. 

Definition 9.2 The 2-form 



(9.2) Ol (da) =gloho7r-Le, Ol {d^ 



will be called the 2- form, of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible Ji^ -morphism {g,h). 

By the definition of d^'^'^'^'^^ , we obtain: 

ul{U,V) =T{~p,IdE){U){9L{V)) 
^^'^^ - r (P, Me) {V) {Ol m - Ol {[U, V\^^^^te) , 

for any U,V eV {{p, ri) TE, (p, r?) te, E). 
Definition 9.3 The real function 

(9.4) El = y^La - L 

will be called the energy of regular Lagrangian L. 
Theorem 9.1 The equation 

(9.5) is {ojl) = -dMTE (^^) ^ 5 ^ r ((p, ^) TE, (p, 77) TE, E) , 
has an unique solution Sl {g, h) of the type: 

(9.6) (5» ohoTT) y^da - 2 (G« - ^F") Ba, 
where 

(9.7) -2 (G« - iF») = Eh (L, g, h) (5" o o vr) 



and 



(9.8) 



Ej, (L, g, h) = {pIoHott) Li - (p'^o/tovr) y^Lia 

-{gjoho.)yf{p^ohon)'M^^ 

+ Uohon\yf{pioho^) 

+ (gjohoTr] yf (L^^^^ohoir) [g^oho tt) L^ 
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Sl ig,h) will be called the canonical {p,ri)-semispray associated to Lagrange mecha- 
nical {p,r])-system {{E,7r, M) , Fg, L) and from locally invertible 'S^ -morphism {g,h). 
Proof. We obtain that 

is {u^l) = -d^''''^^^ {£l) 

if and only if 

OJL {S,X) = -T{p,IdE)iX) {Sl), 

for any X e r {{p, ri) TE, {p, r/) te,E). 
Particularly, we obtain: 

(.9,4) = -r ihidE) (4) ■ 

If we expand this equality, we obtain 



gj o h o TT^ yi 



{Ll^ohoTT) {gl o o tt) Le] - 2 ( G« - ) o o tt) • L,^ 



1 

t 

= ploho7r-L,-{ploho7r)^^0^. 

After some calculations, we obtain the conclusion of the theorem. q.e.d. 
Remark 9.1 If Fe = and 77 = /cZm, then 

Ek {L, IdE, Idn) = {pI°t^) U - (p*o7r) y'^Li^ + y'^ {L^^bOir) 

and Sl {IdE, Idu) ^= Sl is the canonical p-semispray associated to regular Lagrangian 
L which is similar with the semispray presented in [9] by M. de Leon, J. Marrero and 
E. Martinez, (see also [11]) 

In addition, if Eg Q and {p,r]) = {IdTMiIdu), then SL{IdE,IdM) ^= Sl will 
be called the canonical semispray which is similar with the semispray presented by 
I. Bucataru and R. Miron in [5]. 

In particular, if Fg = and (p, 77) = {IdxM, IdM), then Sl [Idu, Ids) ^= Sl will be 
called the canonical semispray which is similar with the canonical semispray presented 
by R. Miron and M. Anastasiei in [13]. (see also [14, 15]) 

Theorem 9.2 If Sl ig,h) is the canonical [p^rf)- semispray associated to Lagrange 
mechanical {p,ri)-system {{E,tt, M) ,Fg,L) and from locally invertible ^^-morphism 
{g,h), then the real local functions 

(P,.)r? =-h{9toho.) ^(^^(^.^.^g-(^gow)) 

-i(5,^o/io7r)y^(L£o/io7r) (5^ o /i o vr) 

+ l{dohon)'-i^yHg^,ohon) 
-k{9'eOhon)y^ {pi o h o tt) ^^S^ 

are the components of a {p, rj)- connection {p, rj) T for the vector bundle {E, vr, M) which 
will be called the {p^rj)- connection associated to Lagrange mechanical {p,r])-system 
{{E,7T, M) , Fe, L) and from locally invertible 'B^ -morphism {g,h). 
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In particular, if r] = h = Mm and g = Ids, then we obtain 



(9.9') 




Theorem 9.3 The parallel {g,h) -lifts with respect to {p,r]) -connection {p,r])r are 
the integral curves of the canonical {p,rj)-semispray associated to mechanical {p,rj)- 
system {{E,tt,M) ,F(,,L) and from locally invertible W -morphism {g,h) . 

Definition 9.4 The equations 



where X (t) = r]o ho c{t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,r])-system {{E,7r,M) ,Fe,L) and from locally invertible B"^- 
morphism {g, h) . 
The equations 



where x{t) = c(t), will be called the equations of Euler-Lagrange type associated to 
Lagrange mechanical {p,r])-system {{E,7r, M) , Eg, L). 

Remark 9.1 The integral curves of the canonical (/), ?7)-semispray associated to me- 
chanical (p, r7)-system ((£^, vr, M) , Eg, L) and from locally invertible B"^-morphism (5, h) 
are the (5, /i)-lifts solutions for the equations of Euler-Lagrange type (9.10). 

Using our theory, we obtain the following 

Theorem 9.4 If E is a Einsler fundamental function, then the geodesies on the 
manifold M are the curves such that the components of their {g,h) -lifts are solutions 
for the equations of Euler-Lagrange type (9.10) . 

Therefore, it is natural to propose to extend the study of the Finsler geometry from 
the usual Lie algebroid ((TM, tm, M) , [, j^^^ , {IdxM, I dm)) , to an arbitrary (generali- 
zed) Lie algebroid ({E, tt, M) , [, ]^ , (p, 77) j . 
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